Published by Institute of Physics Publishing for SISSA/ISAS Received: March 12, 2004 Revised: July 20, 2004 Accepted: August 2, 2004

Chirally improving Wilson fermions 1. O(a) improvement

Roberto Frezzotti

INFN, Sezione di Milano Italy, and Dipartimento di Fisica, Università di Milano Bicocca Piazza della Scienza 3, I-20126 Milano, Italy E-mail: Roberto.Frezzotti@mib.infn.it

GianCarlo Rossi

Dipartimento di Fisica, Università di Roma Tor Vergata, Italy, and INFN, Sezione di Roma 2 Via della Ricerca Scientifica - 00133 Roma, Italy E-mail: giancarlo.rossi@roma2.infn.it

Abstract: We show that it is possible to improve the chiral behaviour and the approach to the continuum limit of correlation functions in lattice QCD with Wilson fermions by taking arithmetic averages of correlators computed in theories regularized with Wilson terms of opposite sign. Improved hadronic masses and matrix elements can be obtained by similarly averaging the corresponding physical quantities separately computed within the two regularizations. To deal with the problems related to the spectrum of the Wilson- Dirac operator, which are particularly worrisome when Wilson and mass terms are such as to give contributions of opposite sign to the real part of the eigenvalues, we propose to use twisted-mass lattice QCD for the actual computation of the quantities taking part to the averages. The choice ±π/2 for the twisting angle is particularly interesting, as O(a) improved estimates of physical quantities can be obtained even without averaging data from lattice formulations with opposite Wilson terms. In all cases little or no extra computing power is necessary, compared to simulations with standard Wilson fermions or twisted-mass lattice QCD.

Keywords: Lattice Gauge Field Theories, Kaon Physics, Lattice QCD.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep082004007 /jhep082004007 .pdf

Contents

1. Introduction 2

2. Wilson fermions and γ_5-chirality 5 2.1 Critical mass in PT 8 2.2 Critical mass beyond PT 8 2.3 A comment on reflection positivity 9

3. Removing O(a) cutoff effects 10 3.1 Comments 13 3.1.1 Multiplicative renormalizability and improvement 13 3.1.2 O(a) discretization effects in M_{cr} 13 3.1.3 The limit m_q → 0 13 3.2 Matrix elements and hadronic masses 15 3.2.1 Generalization to three-point correlators 17 3.3 Renormalization constants 17

4. Twisted mass LQCD 19 4.1 The action 19 4.2 Non-singlet Ward-Takahashi identities 24

5. Improved physics from tm-LQCD 26 5.1 Improving correlators: the general argument 26 5.2 The ω-dependence of lattice correlators 27 5.3 The ω-parity of energies and matrix elements 28 5.3.1 Matrix elements, energy eigenvalues and masses 29 5.3.2 The parity of the transfer matrix eigenstates 30 5.3.3 Deciding the parity of transfer matrix eigenstates 30 5.4 Some observations about the practical use of tm-LQCD 32 5.4.1 The limit m_q → 0 32 5.4.2 “Wrong parity” contributions 32

6. A special case: ω = ±π/2 33 6.1 O(a) improvement of energy eigenvalues and matrix elements 34 6.2 An application: the computation of F_π 36

7. Conclusions and outlook 37 7.1 Computational cost 38 7.2 Statistical analysis of simulation data 38 7.3 Outlook 39

– 1 –

A. Improving axial Ward-Takahashi identities 40 A.1 The Wilson average method 42 A.2 The mass average method 44

B. Reflection positivity and transfer matrix 45 B.1 Site reflection positivity for Wilson fermions 46 B.2 Site reflection positivity for tm-LQCD 47

C. Proof of eq. (3.11) 47

D. Discretization effects in the determination of M_{cr} 48 D.1 The problem 49 D.2 The proof 50

E. Improvement of the baryonic spectrum 51

F. Proof of eq. (5.18) 52 F.1 Proving eq. (F.5) 54

1. Introduction

The two major limitations of the standard Wilson formulation of lattice QCD (LQCD) [1] are related to the non-negligible magnitude of the systematic errors associated to discretization effects and the complicated pattern of operator mixing induced by the explicit breaking of chiral symmetry due to the presence of the Wilson term in the lattice action [2]–[4]. Consequently a lot of effort has gone in the direction of reducing errors related to the finiteness of the lattice spacing, a, with the full implementation of the Symanzik program [5] up to O(a) corrections [6]–[10] and in developing formulations in which chiral symmetry is exact at the level of the regularized action [11]–[14].

Elimination of O(a) effects can be in principle fully achieved. The standard approach developed in refs. [6]–[10] requires, besides a suitable improvement of operators, the introduction in the standard Wilson LQCD action of the so-called Sheikholeslami-Wohlert (SW) term, S^L_{SW} = a^5c_{SW}(g^2_0 ) ∑ x ψ̄(x) i 4 σ_{μν} P_{μν} (x)ψ(x) , (1.1)

with an appropriate value of the coefficient function c_{SW}(g^2_0 ) depending on the detailed form of the pure gauge action and Wilson term.^1 All the above modifications, particularly in the unquenched case, make O(a) improved computations significantly more CPU-time demanding than standard Wilson simulations. This is even more so if the evaluation of off-shell or gauge non-invariant correlators is attempted [10].

1In eq. (1.1) Pμν is any lattice discretization of the gauge field strength [15], g0 is the bare gauge coupling and we define σμν = i[γμ, γν ]/2, with {γμ, γν } = 2δμν and γ^†_μ = γμ.

– 2 –

Fully chiral invariant lattice actions have been also constructed [12]–[14], where the Ginsparg-Wilson relation [11] is exactly implemented and a first exploration of their numerical potentiality has been carried out [16]–[18]. Overlap, domain-wall and fixed-point fermions have been put at work with rather encouraging results, though the extra computational effort required with respect to the standard Wilson case is in most cases very large. Of course this comparison is not totally fair because the quality of data produced with fermions obeying the Ginsparg-Wilson relation looks superior to that usually obtainable with standard Wilson fermions.

If one does not want to make use of chirally invariant fermions, because of their relatively heavy computational cost, a nice alternative is to use twisted-mass lattice QCD (tm-LQCD) [19, 20], which represents a cheap but effective solution to the problem of exceptional configurations occurring in quenched (or partially quenched) simulations. Recently it has been shown, in fact, that tm-LQCD can be judiciously used to alleviate both the numerical difficulties associated to O(a) discretization errors [21, 22] and the mixing problem of Wilson fermions in the calculation of B_K and the CP-conserving ΔS = 1 weak matrix elements [19, 23, 24].

The present one is the first of two companion papers in which we propose a simple strategy to get from simulations employing Wilson fermions (or rather, as we shall see, twisted Wilson fermions) lattice data that are free of O(a) discretization effects and have a somewhat smoother and more chiral behaviour near the continuum limit than data obtained in unimproved standard Wilson or tm-LQCD simulations.

In this paper we show that, if quarks are arranged in SU(2)_f flavour doublets, O(a) discretization effects are absent from the average of correlators (Wilson average, W A) computed with lattice actions having Wilson terms of opposite sign and a common value of the subtracted (unrenormalized) lattice quark mass

m_q = M_0 − M_{cr} , (1.2)

where M_0 is the bare mass. For short in the following we will occasionally call m_q the “excess” quark mass.

Absence of O(a) discretization errors in W A’s is proved by referring to the Symanzik expansion of (connected, on-shell) lattice correlators in terms of continuum Green functions and exploiting the relations derived by matching the “R_5-parity” of lattice correlators under the transformation R_5 : { ψ → ψ^′ = γ_5ψ ψ̄ → ψ̄′ = −ψ̄γ_5 (1.3)

to the R_5-parities of the related continuum Green functions. R_5 is an element of the chiral SU(2)_L ⊗ SU(2)_R group, for it can be expressed as the product of the following three transformations u^{(1)}_V (π) = exp(iπτ_1/2), u^{(2)}_V (π) = exp(iπτ_2/2), u^{(3)}_A (π) = exp(iπγ_5τ_3/2), with τ_1, τ_2, τ_3 the Pauli matrices. Obviously [R_5]^2 = 1.

The improvement of W A’s is the result of the use of simple dimensional and symmetry considerations combined with certain algebraic identities holding between pairs of correlators computed with opposite signs of M_0 and r. These identities come from a generalized spurion analysis, which in turn follows from the fact that the lattice fermionic action is

– 3 – left invariant if the field transformation (1.3) is accompanied by a simultaneous change of sign of M_0 and the coefficient, r, sitting in front of the Wilson term. From these considerations one can prove that the Symanzik coefficients necessary to match lattice correlators to the continuum ones have such properties under r → −r that all O(a) corrections to the continuum result cancel in W A’s.

An important point to stress is that, in order for the formal counting of powers of a yielded by the relevant Symanzik expansion to be meaningful, it is necessary that one is dealing with expectation values of multiplicatively renormalizable (m.r.) lattice operators.

The obvious problem with the approach we have described is the existence of real eigenvalues of the massless Wilson-Dirac (WD) operator with magnitude much smaller than the inverse lattice cutoff. For realistic values of the lattice spacing, the existence of such spurious eigenvalues (in particular those that are negative at m_q = 0) has been shown to be at the origin of the occurrence of zero modes of the massive (m_q > 0) WD operator^2 on the so-called “exceptional” configurations [26, 27]. The problem becomes more severe when the relative sign of the coefficients of Wilson and quark mass terms is such that they give opposite contributions to the real part of the spectrum of the WD operator. The remedy to this situation, which we will for short refer to as the problem of “spurious fermionic modes”, is to use tm-LQCD [19, 20]. Fully O(a) improved lattice data for energy levels (hence hadronic masses), matrix elements and renormalization constants can be obtained, without the need of computing anyone of the usual lattice improvement coefficients, if one takes averages of correlators evaluated with tm-LQCD actions having twisted Wilson terms of opposite sign.

The procedure we propose is very flexible as it is based on the freedom of regularizing different flavours with Wilson terms of different chiral phases. Its extension to mass nondegenerate quarks is discussed in ref. [28]. In the second of this series of paper [29] we show that, without loosing O(a) improvement, this freedom can be appropriately exploited to have a real and positive fermionic determinant, while at the same time canceling all finite and power divergent contributions due to mixing with operators of “wrong chirality” (i.e. those due to the breaking of chiral symmetry induced by the presence of the Wilson term in the lattice action) in the calculation of the CP-conserving matrix elements of the effective weak hamiltonian. These results confirm and largely extend arguments given in refs. [19, 24].

The present paper is logically divided in two parts. In the first part (sections 2 and 3) we derive our results momentarily ignoring problems with the spectrum of the WD operator. This key issue will be taken up in the second part (sections 4 to 6) where, after an introduction to tm-LQCD, we prove that with appropriate choices of twisting none of the nice results derived for Wilson fermions is lost. On the contrary, if the special choice ±π/2 for the twisting angle is made, simple symmetry considerations imply that many interesting physical quantities can be extracted from lattice data that are automatically O(a) improved with no need of taking any W A.^3

2For a first hint to the existence of such a problem see ref. [25].

3We are indebted to M. Della Morte for his precious help in numerical tests concerning the problem with

– 4 –

The detailed plan of the paper is as follows. In section 2, after briefly reviewing the standard Wilson formulation of LQCD, we show that the critical mass, M_{cr}, changes sign if the sign in front of the Wilson term is reversed. This is done by providing an argument both in perturbation theory (PT) and in the presence of spontaneous chiral symmetry breaking (SχSB). In section 3 we outline the basic ideas of the present approach by showing that averages of lattice correlators computed in theories with Wilson terms of opposite sign and a common value of m_q are O(a) improved. We also prove that similar averages of hadronic masses, matrix elements and renormalization constants analogously lead to O(a) improved quantities. We present in section 4 a general discussion of tm-LQCD with special attention to the non-singlet Ward-Takahashi identities (WTI’s) of the theory. In section 5 the idea of improvement through W A’s is extended to tm-LQCD and the partial breaking of parity invariance that occurs in this regularization is carefully analyzed. We show that it is possible to attribute to the eigenstates of the transfer matrix a parity label that in the continuum limit turns out to coincide with the standard parity quantum number. In section 6 we discuss the remarkable simplifications that occur if the choice ±π/2 for the twisting angle is made and we prove that many interesting physical quantities are automatically O(a) improved. Conclusions and an outlook of future lines of investigations can be found in section 7. We leave in a number of appendices certain more technical arguments and a detailed discussion of the improvement of the non-singlet axial WTI’s for standard Wilson fermions.

2. Wilson fermions and γ_5-chirality

LQCD for one flavour doublet (N_f = 2) of quarks, as formulated by Wilson [1], is expressed in terms of the (euclidean) partition function

Z_{LQCD} = ∫ Dμ(ψ, ψ̄, U) e^{−[SLYM(U)+SLWF (ψ,ψ̄,U)]} , (2.1) where Dμ(ψ, ψ̄, U) is the functional integration measure, S^L_{YM}(U) is any sensible lattice regularization of the Yang-Mills action and

S^{LW}_F (ψ, ψ̄, U) = a^4 ∑ x [ − 1 2a ∑ μ [ψ̄(x)U_μ(x)(r − γ_μ)ψ(x + μ) +

+ ψ̄(x + μ)U^†_μ(x)(r + γ_μ)ψ(x)] + ψ̄(x) ( M_0 + 4r a ) ψ(x) ]

≡ a^4 ∑ x ψ̄(x) [ 1 2 ∑ μ γ_μ(∇^⋆_μ + ∇_μ) − a r 2 ∑ μ ∇^⋆_μ∇_μ + M_0 ] ψ(x) (2.2)

is the standard Wilson fermion action. In the last line of eq. (2.2) we have introduced the usual definitions of forward and backward lattice covariant derivatives ∇_μψ(x) ≡ 1 a [U_μ(x)ψ(x + aμ̂) − ψ(x)] ∇^∗_μψ(x) ≡ 1 a [ ψ(x) − U^†_μ(x − aμ̂)ψ(x − aμ̂) ] . (2.3)

spurious fermionic modes of the WD operator and the question of O(a) improvement of hadronic masses.

– 5 –

In all our formulae the sum over flavour indices is understood. In this paper we restrict to the case in which M_0 is taken to be proportional to the unit matrix in flavour space. It is, however, possible to extend the following arguments to encompass the case of nondegenerate quark masses. This will be done in refs. [28, 29].

The piece of the action proportional to r is to the so-called Wilson term. It is an “irrelevant” operator of mass dimension 5, needed to solve the fermion doubling problem. Its presence explicitly breaks the SU(2)_L ⊗ SU(2)_R chiral symmetry of the (naive discretization of the) fermionic action. The symmetry is only recovered, at tree level, when M_0 and a go to 0. In higher orders of PT powers of the factor a in front of the Wilson term may be compensated by 1/a^p divergencies in loops, leading to finite or even divergent rdependent contributions. This means that the formal chiral properties of continuum QCD are lost: the limit M_0 → 0 does not correspond to the chiral limit and operators naively belonging to different chiral representations mix among themselves. A complicated renormalization procedure is needed in order to recover perturbatively (and non-perturbatively) chiral symmetry in the continuum limit [4].

These are intrinsic problems that do not depend on how fast the continuum is reached. The same kind of problems appears, in fact, in the improved version of LQCD [6, 7, 8, 9], even if, in the limit a → 0, O(a) corrections are absent from lattice estimates of physical quantities.

We are interested in computing expectation values of the type (x_1 ≠ x_2 ≠ . . . ≠ x_n) ⟨O(x_1, x_2, . . . , x_n)⟩ | |_{(r,M0)} = 1 Z_{LQCD} ∫ Dμ(ψ, ψ̄, U) e^{−[SLYM+SLWF ]} O(x_1, x_2, . . . , x_n) , (2.4)

with O(x_1, x_2, . . . , x_n) a gauge invariant, multi-local and m.r. operator built in terms of the fundamental fields of the theory (quarks and gluons). We will also assume that O has in the continuum limit a Lorentz (rather, in euclidean metric, an SO(4)) covariant structure. The subscript (r, M_0) on the l.h.s. of eq. (2.4) means that the expectation value is taken with the specified values of the Wilson parameter, r, and bare quark mass, M_0.^4 Here and in the rest of the paper we will always restrict to connected correlation functions, though this will not be explicitly indicated in our subsequent equations.

The key observation of this work is that under the R_5 transformation (1.3) the fermionic action (2.2) goes into itself, if at the same time we change sign to the Wilson term (i.e. to r) and M_0. In the spirit of the spurion analysis, a quick way of studying the situation is to consider r and M_0 momentarily as fictitious fields and consider the combined transformation R^{sp}_5 ≡ R_5 × [r → −r] × [M_0 → −M_0] (2.5)

as a symmetry of the lattice theory. In this situation it is easy to prove that any m.r. operator will be either even or odd under R^{sp}_5 . The argument goes as follows. Given the

4Throughout the paper to lighten the notation we will drop, unless necessary for clarity, the dependence upon the bare coupling constant, g0. Also with a little abuse of notation we will use the same symbol O for the operator on the Hilbert space and the function of the elementary fields that appear under the functional integral.

– 6 – bare operator, O_B , one can always assume that the latter is either even or odd under R_5, because [R_5]^2 = 1. Since R^{sp}_5 is a spurionic symmetry of the action, the renormalization procedure will necessarily give rise to a m.r. operator, O, which under R^{sp}_5 has exactly the same parity O_B has under R_5. This parity will be denoted in the following as (−1)^{PR}5^{[O]} and called the R_5-parity of O, while P_{R5} [O] will be referred to as the γ_5-chirality of O.

In general O will be given by a linear combination of bare operators with finite or power divergent coefficients having a parametric dependence on r and M_0. In this linear combination operators that under R_5 have a parity opposite to that of O_B (if any) will necessarily appear multiplied by mixing coefficients odd under [r → −r] × [M_0 → −M_0].

This argument implies that the expectation value of a m.r. operator must satisfy the relation ⟨O(x_1, x_2, . . . , x_n)⟩ | | |_{(r,M0)} = (−1)^{PR5 [O]}⟨O(x1, x2, . . . , xn)⟩ | | |_{(−r,−M0)} , (2.6) where, we recall, the sign inversion of r and M_0 has to be performed both in the action and in the mixing coefficients. This result can be proved by performing the change of fermionic integration variables induced by (1.3) in the functional integral defining the l.h.s. of eq. (2.6).

From this discussion one also concludes that the renormalization constant of O, Z_O, must be even under r → −r in order for the renormalized operator, Ô = Z_OO, to have the same γ_5-chirality as O (and O_B ). We will see in section 3.3 how it is possible to extract from lattice data non-perturbative estimates of renormalization constants that are even in r and O(a) improved.

The interest of eq. (2.6) lies in the fact that from it one can prove that discretization effects associated to the presence of the Wilson term in the action, induce in correlators O(a) corrections having well defined properties under r → −r (r-parity for short). The latter are such that averages of Green functions computed in lattice theories with opposite values of r have a faster approach to the continuum limit and a better chiral behaviour than the two correlators separately.

Ideas in this direction were already put forward in the literature long time ago in the papers of ref. [30, 31, 32].^5

To give a precise basis to the line of arguments sketched above, it is necessary to start by establishing the r-parity property of M_{cr}(r). Since Wilson’s lattice theory (2.1) is invariant under the spurionic transformation R^{sp}_5 (see eq. (2.5)), the mass action counterterm a^4 ∑ x ψ̄(x)M_{cr}(r)ψ(x) must be naturally chosen so as to maintain this spurionic invariance. From this simple but crucial remark, given the definition of R_5, it is immediately concluded that the critical mass must be an odd function of r

M_{cr}(−r) = −M_{cr}(r) . (2.7)

For the reader’s convenience, we illustrate how this this key property is born out by the definitions of M_{cr} that are commonly employed either in PT or at the non-perturbative level, where SχSB is expected to take place in the large volume regime.

5We thank S. Aoki and S. Sint for having brought these papers to our attention.

– 7 –

To avoid mixing up different issues we will present the whole discussion in this and next section by temporarily ignoring the problems with the spectrum of the WD operator. We will take up this crucial question in the second part of this paper beginning from section 4.

2.1 Critical mass in PT We start from the formal definition of the lattice quark propagator, Σ^{−1}, in momentum space [Σ(p; r, M_0)]^{−1} ≡ a^4 ∑ x e^{ip·x}⟨ψ(0)ψ̄(x)⟩ | | (r,M_0)

. (2.8)

Performing the change of fermionic functional integration variables induced by the transformation (1.3), one gets the lattice identity

Σ(p; r, M_0) = −γ_5Σ(p; −r, −M_0)γ_5 . (2.9)

In the continuum inspired decomposition (where we ignore obvious logarithmic factors irrelevant for this argument)

Σ(p; r, M_0) = iΣ_1(p^2; r, M_0) p̸ + Σ_2(p^2; r, M_0) + O(a) , (2.10)

the critical mass is defined as the value of M_0 which solves the equation

Σ_2(0; r, M_0) = 0 . (2.11)

Introducing the decomposition (2.10) in (2.9), we derive the simple relations

Σ_1(p^2; r, M_0) = Σ_1(p^2; −r, −M_0) (2.12) Σ_2(p^2; r, M_0) = −Σ_2(p^2; −r, −M_0) . (2.13)

To any order in perturbation theory Σ_1 and Σ_2 are smooth functions of M_0 and r ≠ 0, which are defined for arbitrary values of M_0 and |r| ≤ 1. It follows that, if a certain value of M_0 is a solution of (2.11) for a given r, then −M_0 solves the same equation with r replaced by −r. In other words, barring unexpected patterns of multiple solutions to eq. (2.11), we recover eq. (2.7), in agreement with the argument given in ref. [31].

2.2 Critical mass beyond PT In the presence of SχSB M_{cr} can be defined as the value of M_0 at which the pion mass vanishes. This definition is implemented numerically by studying the large t > 0 behaviour of the two-point correlator

G_π(t; r, M_0) = a^3 ∑ x ⟨P^b(x, t)P^b(0)⟩ | |_{(r,M0)} , (2.14)

where P^b = ψ̄γ_5 τ_b 2 ψ (2.15)

– 8 – is the pseudo-scalar quark density with flavour index b (b = 1, 2, 3). Performing in the expectation value (2.14) the change of functional integration variables (1.3), one finds

G_π(t; r, M_0) = G_π(t; −r, −M_0) . (2.16)

As implied by reflection positivity (see section 2.3 below and appendix B), we assume that the mass, m_π, of the lightest state contributing to (2.16) can be non-perturbatively, equally well defined for positive and negative values of M_0 and for |r| ≤ 1. Then to comply with the behaviour implied by eq. (2.16) in the t → ∞ limit, we must have

m_π(−r, −M_0) = m_π(r, M_0) . (2.17)

From the definition of M_{cr} the relation (2.7) again follows.

In deriving this non-perturbative result we have implicitly assumed that, once g^2_0 and r are given, there always exists a unique value of M_0 where the pion mass vanishes. Careful analyses of cutoff effects in lattice QCD with Wilson fermions [31, 33] actually suggest that, depending on details of the lattice theory and the value of g^2_0 , the mass of the neutral pion can either vanish at two “critical” values of M_0 (with the charged pions being massless for M_0 in the interval between them)^6 or never vanish and just have a minimum at some value of M_0 (in this situation charged pions remain degenerate with the neutral state). In the latter case, the value of M_0 at which m_π is minimal can be defined as M_{cr}(r). This definition satisfies eq. (2.7). In the former case, instead, the two “critical values” of M_0 turn out to differ by an amount that is O(a^2) in the scaling limit.^7 In this case any of the two “critical” values can be chosen as M_{cr}(r): e.g. the larger for r > 0 and the smaller for r < 0. This choice is consistent with eq. (2.17) and thus with eq. (2.7).

As expected, we find that for the purpose of making the subtracted Wilson term in the action, ψ̄[−a(r/2) ∑ μ ∇^∗_μ∇_μ + M_{cr}(r)]ψ, a truly dimension five operator the quantity M_{cr}(r) can always be taken odd in r.

It goes without saying that, if PCAC is used to define M_{cr}, an equally good and r-odd determination is obtained (see Appendix A), only differing by O(a) terms from that based on the behaviour of the pion mass, described before.

2.3 A comment on reflection positivity

An important question in the framework of the computational strategy we are proposing is whether reflection positivity [34, 35] remains valid for the Wilson lattice theory in which the sign of r is reversed. Reflection positivity is a crucial property for being able to extract energies and matrix elements from lattice correlators, because it ensures that a consistent hamiltonian formalism can be set up at finite lattice spacing (even though the explicit construction of a transfer matrix may be technically difficult or not available).

It has been shown in refs. [35, 36] that the “link” reflection positivity of the lattice action is a sufficient condition to define a Hilbert space of states with positive metric and

6We restrict attention to the branch of the Aoki phase closest to M0 = 0 (see ref. [31, figure 9]). 7Such an O(a^2) quantity is in general not odd in r. We thank the referee for drawing our attention to this point.

– 9 – prove the existence of a positive, self-adjoint operator that can be viewed as the square of the transfer matrix. We recall that link reflection, as opposed to “site” reflection [37, 38], refers to reflection of lattice points across a time-hyperplane not containing lattice sites.

The standard fermionic Wilson action (2.2) is known to be link reflection positive for all (real) values of g^2_0 , M_0 and |r| ≤ 1 [36]. Actually in refs. [35, 36] a stronger result was proved which implies that even the general tm-LQCD action of eq. (4.1) is link reflection positive for |r| ≤ 1. This fact is of special relevance for our work, where the problems with the spectrum of the standard WD operator are avoided by making recourse to tm-LQCD (see section 4).

In appendix B for completeness we give some useful definitions and summarize a few results about reflection positivity and lattice transfer matrix.

3. Removing O(a) cutoff effects

In this section we propose a way of extracting O(a) improved estimates of physical quantities from lattice correlation functions, which does not require the knowledge of anyone of the usual improvement coefficients.

Let us consider the expectation value of a gauge invariant, multi-local, m.r. operator which, as we discussed in section 2, without loss of generality can be taken to have a definite γ_5-chirality. In fact, while multi-local operators made out only of bosonic local factors are necessarily eigenstates of R^{sp}_5 , the general case of multi-local operators containing also baryonic local factors can be treated by splitting the operator into a R_5-even and a R_5-odd part and applying separately to each of them the arguments we present in the following.

We start by noting that, since M_{cr}(r) is odd in r, the excess quark mass m_q, eq. (1.2), changes sign under M_0 → −M_0 and r → −r. The transformation R^{sp}_5 under which the Wilson action is invariant can then be also written as

R^{sp}_5 = R_5 × [r → −r] × [m_q → −m_q] . (3.1)

Correspondingly, the relation (2.6), which expresses the implications of the spurionic symmetry R^{sp}_5 on lattice correlators, takes the form ⟨O⟩ | |_{(r,mq )} = (−1)^{PR5 [O]}⟨O⟩ | |_{(−r,−mq )} , (3.2) where, by slightly changing the notation employed in the previous section, we have indicated the parameters that specify the fermionic action by using, besides r, the excess quark mass, m_q = M_0 − M_{cr}, instead of the bare mass M_0.

In order to discuss the issue of O(a) improvement we need to make reference to the notion of effective theory introduced by Symanzik and use the related Symanzik expansion of lattice correlators in terms of correlators of the continuum theory [5]. Schematically up to O(a) terms, one can write for the lattice expectation value of a m.r. operator the expansion ⟨O⟩ | |_{(r,mq )} = [ζ^O_O (r) + amqξ^O (r)]⟨O⟩ | |^{cont}_{(mq )} + a ∑ ℓ (m_q)^{nℓ} η^O_ℓ (r)⟨O_ℓ⟩ | |^{cont}_{(mq )} + O(a^2) . (3.3)

– 10 –

The label |^{cont}_{(mq )} in the correlators appearing on the r.h.s. of eq. (3.3) is meant to recall that they are continuum Green functions renormalized at the scale a^{−1}. They are computed employing the continuum QCD action, regularized by using, e.g., a second lattice regularization with lattice spacing much smaller than a. Consistently, the parameter m_q on the r.h.s. is to be interpreted as the continuum value of the quark mass at the subtraction point a^{−1}. Even in the limit of vanishing lattice spacing, the previous equation has a logarithmically divergent a-dependence. This divergency can be disposed of by multiplying both sides of eq. (3.3) by the renormalization constant of the operator O. The coefficients ζ, ξ and η are finite functions of r and g^2_0 . All these coefficients are necessary to match the lattice correlator on the l.h.s. to the continuum Green functions on the r.h.s. of (3.3).

The sum over ℓ is extended over all operators, O_ℓ ≠ O, with (mass) dimension (d[O] is the dimension of O) d[O_ℓ] = d[O] − n_ℓ + 1 , (3.4)

having the same unbroken quantum numbers of O. The obvious positivity of d[O] and d[O_ℓ] puts an upper bound, n_{max}, to the possible values of n_ℓ ≥ 0. Two types of correlators will contribute to the sum over ℓ: correlators in which products of local operators are inserted and correlators where O is inserted with space-time integrated local densities. The former are related to the improvement of the single local factors making up O, while the latter owe their origin from the need of improving the action [8].

A careful discussion of the structure of the Symanzik expansion will be given in appendix A, where we present a detailed analysis of the improvement of flavour non-singlet axial WTI’s.

In the light of eq. (3.2) we want to compare the expansion (3.3) with the similar one obtained after changing sign to r and m_q. To this end we observe that

1. in the r.h.s. of eq. (3.3) m_q appears not only explicitly in some of the factors that multiply the continuum correlators, but, as we have explicitly indicated in the formulae, also through the dependence of the continuum action on m_q;

2. the transformation (1.3) is part of the chiral group and, acting on the continuum action, is equivalent to changing the sign of m_q; since [R_5]^2 = 1, the operators O_ℓ can always be taken to have well defined γ_5-chiralities, P_{R5} [O_ℓ]; consequently their continuum expectation values will have a definite parity under m_q → −m_q, namely ⟨O_ℓ⟩ | |^{cont}_{(mq )} = (−1)^{PR5 [Oℓ]}⟨Oℓ⟩ | |^{cont}_{(−mq )} . (3.5)

Using (3.5), one gets from (3.3) ⟨O⟩ | | (−r,−m_q ) = (−1)^{PR5 [O]}[ζ^O_O (−r) − am_qξ^O (−r)]⟨O⟩ | |^{cont}

(m_q ) + + a ∑ ℓ (−1)^{PR5 [Oℓ]+nℓ} (m_q)^{nℓ} η^O_ℓ (−r)⟨O_ℓ⟩ | |^{cont}_{(mq )} + O(a^2) . (3.6)

– 11 –

Inserting the expansions (3.3) and (3.6) in eq. (3.2) and equating O(a^0) and O(a) terms, one obtains the relations

ζ^O_O (r) − ζ^O_O (−r) = 0 , (3.7)

am_q[ξ^O (r) + ξ^O (−r)]⟨O⟩ | | |^{cont}_{(mq )}+ +a ∑ ℓ (m_q)^{nℓ} [ η^O_ℓ (r) − (−1)^{PR5 [O]+PR5 [Oℓ]+nℓ} η^O_ℓ (−r) ] ⟨O_ℓ⟩ | |^{cont}

(m_q )

= 0 . (3.8)

We now want to show that eqs. (3.7) and (3.8) imply the formula (Wilson average - W A) ⟨O⟩ | |^{W A}_{(mq )} ≡ 1 2 [ ⟨O⟩ | |_{(r,mq )} + ⟨O⟩ | |_{(−r,mq )} ] = ζ^O_O (r)⟨O⟩ | |^{cont}_{(mq )} + O(a^2) . (3.9)

We recall again than in the above equation the prescription of changing the sign of r must be extended to the whole r-dependence present in the expectation value, i.e. to the r-dependence of the action and of the mixing coefficients making up O in terms of bare operators.

To prove eq. (3.9) we first observe that from eq. (3.3), by changing only sign to r, one gets ⟨O⟩ | | (r,m_q ) + ⟨O⟩ | | (−r,m_q ) = [ ζ^O_O (r) + ζ^O_O (−r) ] ⟨O⟩ | |^{cont}

(m_q ) + + a m_q [ ξ^O (r) + ξ^O (−r) ] ⟨O⟩ | |^{cont}_{(mq )} + + a ∑ ℓ (m_q)^{nℓ} [ η^O_ℓ (r) + η^O_ℓ (−r) ] ⟨O_ℓ⟩ | |^{cont}

(m_q )

+ O(a^2) . (3.10)

In appendix C we prove that simple symmetry considerations imply the validity of the relation P_{R5} [O] + P_{R5} [O_ℓ] + n_ℓ = 1 mod (2) . (3.11) Consequently all O(a) terms on the r.h.s. of eq. (3.10) vanish owing to the relation (3.8), while the O(a^0) terms add up to the desired continuum result thanks to eq. (3.7), thus proving our statement.

It is worth noting that a compact way of summarizing the results obtained above is to say that the Symanzik coefficients ζ are even functions of r, while all the others (ξ and η) are odd. These properties immediately follow from the vanishing of the sum of terms in the last two lines of eq. (3.10) (owing to eqs. (3.8) and (3.11)), thanks to the fact that in each term r and space-time dependences are completely factorized.

Making use of eq. (3.2) in the second term of the formula (3.9), we can rewrite the latter in the equivalent form (mass average — MA)^8 ⟨O⟩ | |^{MA}_{(mq )} ≡ 1 2 [ ⟨O⟩ | |_{(r,mq )} + (−1)^{PR5 [O]}⟨O⟩ | |_{(r,−mq )} ]

= ζ^O_O (r)⟨O⟩ | |^{cont}

(m_q )

+ O(a^2) , (3.12)

8We thank M. Testa for a very useful discussion on this point.

– 12 – which says that an O(a) improved lattice correlator can be obtained by taking the sum with an appropriate relative sign of the two correlators computed within the same lattice regularization (same value of r) but with opposite sign of the excess quark mass, m_q.

Since, as we have seen, eqs. (3.9) and (3.12) are identical, in the following we will often refer to either one of them as Wilson average.

3.1 Comments

A few observations on the general strategy we have outlined above are in order here. A first remark concerns the key property characterizing the operators to which our method is applicable. Two others have to do with the question of whether O(a) discretization effects in M_{cr} may jeopardize the results we have obtained and the delicate problem of taking the m_q → 0 limit in eqs. (3.9) and (3.12).

3.1.1 Multiplicative renormalizability and improvement At the beginning of section 3 we restricted our consideration to m.r. (gauge invariant) operators, O. Indeed the Symanzik expansion (3.3), in the way we have written and exploited it, is only valid if O is (apart from a possible logarithmically divergent renormalization factor) a finite operator. If this is not the case, negative powers of the lattice spacing would appear in the r.h.s. of the expansion, together with dreadful terms arising from the interference of O(a) (and higher) discretization effects with power divergencies. In this situation the naive counting of powers of a is not anymore valid and the Symanzik expansion is not immediately useful for our purposes.^9

3.1.2 O(a) discretization effects in M_{cr} While in PT, to any order in g^2_0 , M_{cr} can be defined to an arbitrary accuracy in the lattice spacing, this is not so non-perturbatively. Beyond PT, M_{cr} can be determined, in the presence of SχSB, by looking at the behaviour of the pion masses (as discussed in section 2.2) or, more in general, as the value where the axial currents are conserved (PCAC). In any case the critical mass can only be known up to discretization errors whose magnitude depends on the condition chosen to determine it and the details of its computational implementation. Then an obvious question to ask is whether these ambiguities may invalidate the argument about improvement presented above.

We show in appendix D that, although M_{cr} can only be known with O(a) discretization errors (unless the theory is fully improved à la Symanzik, something which obviously we do not imagine to be doing in the present context), the formulae for Wilson (eq. (3.9)) — or mass (eq. (3.12)) — averages lead to O(a) improvement as claimed above.

3.1.3 The limit m_q → 0

In the presence of SχSB the chiral symmetry is not realized à la Wigner and, as the mass goes to zero, the chiral phase of the vacuum is driven by the phase of the quark mass term.

9We will take back this question in [29], when dealing with power divergent operators, like the effective weak hamiltonian, and show how one can go around this problem.

– 13 –

The same must be true on the lattice, thus ideally the continuum limit should be taken before letting m_q → 0. As a result, taking the chiral limit is a numerically delicate matter (see also section 5.4.1).^{10}

In practice in order to ensure that on the lattice the chiral phase of the vacuum is determined by the quark mass term proportional to m_q, and not by the Wilson term, it is necessary to work with lattice parameters satisfying

m_qΛ^{−1}_{QCD} ≫ aΛ_{QCD} , (3.13)

in the unimproved case, or possibly under the weaker condition

m_qΛ^{−1}_{QCD} ≫ a^2Λ^2_{QCD} , (3.14)

if one is dealing with O(a) improved correlators. When conditions like (3.13) or (3.14) are not fulfilled, renormalized lattice quantities may strongly differ from their continuum limit counterpart, thus resulting of little use in extracting information about the underlying theory.

To analyze the subtleties of taking the limit m_q → 0 in our approach it is convenient to first discuss the non-physical case in which there is no SχSB.

• In the absence of SχSB there would be no problem in setting m_q = 0 and from (3.2) one would get ⟨O⟩ | | (r,m_q =0) = (−1)^{PR5 [O]}⟨O⟩ | | (−r,m_q =0) . (3.15)

This relation is telling us that expectation values of operators with P_{R5} [O] = 0 (mod 2) are automatically O(a) improved. Indeed all the operators O_ℓ that are left over after taking the limit m_q → 0 (i.e. those with n_ℓ = 0) in the Symanzik expansion of O are necessarily R_5-odd (see eq. (C.2) with d[O_ℓ] = d[O] + 1), hence have a vanishing continuum expectation value. So there are actually no non-zero O(a) contributions in the Symanzik expansion of the lattice expectation value of O if P_{R5} [O] = 0 (mod 2). On the other hand for operators having P_{R5} [O] = 1 (mod 2) the W A yields a quantity which is identically zero, in agreement with the expected continuum result.

• In the presence of SχSB the chiral phase of the vacuum matters and, since the theory is non-analytic at m_q = 0, eq. (3.15) does not make sense anymore, rather the limit m_q → 0 should be approached under the condition (3.13), or (3.14) if correlators are O(a) improved. In this situation a direct analysis of the m_q-dependence of ⟨O⟩|_{(r,mq )}, based on the parities of the continuum expectation values under m_q → −m_q (see eq. (3.5)), confirms the validity of eq. (3.12).

The remarks of this section suggest that in practice, for each value of g^2_0 , the cutoff effects on quantities sensitive to SχSB may become quite large when m_q goes below some threshold value. This threshold value should be determined by numerical experiments and will depend

10We wish to thank R. Sommer for drawing our attention to this important point.

– 14 – in general on the observable under consideration. As a consequence, performing a chiral fit of lattice data obtained at fixed g^2_0 becomes difficult and possibly inappropriate, if data at too small values of m_q are included. The safe region is determined by the order of magnitude inequality (3.13) or rather, for improved quantities, (3.14). It is reassuring to note that for realistic lattice spacings, say a ≤ 0.1 fm, the bound (3.14) is satisfied down to pretty low values of m_q, of the order of 10 Mev.

3.2 Matrix elements and hadronic masses

An immediate consequence of the absence of O(a) discretization effects in Wilson averaged correlators is the observation that improved hadronic masses and matrix elements can be similarly obtained by taking averages of the corresponding quantities, extracted from the individual terms in the l.h.s. of equations like (3.9) (or equivalently (3.12)), i.e. by averaging the values of the masses and matrix elements computed in separate simulations performed with standard Wilson actions having opposite values of r and fixed m_q (or fixed r and opposite values of m_q).

This remark is very important as it yields a simple and practical prescription to extract improved physical quantities from Monte Carlo simulations. It also solves an apparent paradox of the approach we propose.^{11} The problem has to do with the observation that different regularizations, as the ones provided by Wilson lattice actions with opposite Wilson terms, will lead at finite a to slightly different values for the masses of intermediate states. Now suppose that we consider the spatially integrated two-point Green function of some local, m.r. (bosonic) operator, Φ_h, with definite γ_5-chirality and the quantum numbers appropriate to create the state h (|h⟩) from the vacuum (|Ω⟩). We have proved that to get O(a) improved quantities, one has to average correlators computed with opposite values of r. In particular we expect to be able to extract improved masses from the average G_{hh}(t) | | |^{W A}_{(mq )} = 1 2 [ G_{hh}(t; r, m_q) + G_{hh}(t; −r, m_q) ] , (3.16)

with G_{hh}(t; r, m_q ) = a^3 ∑ x ⟨Φ_h(x, t)Φ^†_h(0)⟩ | |_{(r,mq )} . (3.17)

Here the operator Φ^†_h is defined in terms of the lattice reflection operator, Θ, appropriate to euclidean metric (see appendix B for details), so as to guarantee the validity of the relation ⟨α|Φ^†_h|β⟩ = ⟨β|Φ_h|α⟩^⋆ for generic states |α⟩ and |β⟩.

If we take at finite a the limit t → ∞ of G_{hh}(t)|^{W A}_{(mq )}, we seem to run into a paradox. On the one hand, in fact, as t → ∞ one of the two correlators, namely that in which the lowest lying state has the lighter mass, will dominate over the second. On the other hand, one single correlator is not in general O(a) improved by itself. Moreover at finite lattice spacing it is not obvious that one can extract hadronic masses from the large time behaviour of the Wilson averaged correlator, G_{hh}(t)|^{W A}_{(mq )}, as the latter does not admit a spectral decomposition in the usual sense.

11We would like to thank R. Sommer for a useful discussion on this question.

– 15 –

The solution of this problem lies in the remark that for the purpose of getting O(a) improvement of physical quantities via W A’s the limits t → ∞ and a → 0 do not really commute. In fact, if we let |t| → ∞ at fixed a, the corrections of order a|t| are no longer small. As a result the expansion in a breaks down and the continuum limit cannot be taken. This simply means that the continuum limit a → 0 must be taken first. This observation, however, is not immediately useful for the purpose of actually extracting improved masses and matrix elements from lattice data.

To see how one should proceed in practice let us fix the attention on the spatial Fourier Transform (FT) G_{hh}(k, t; ±r, m_q ) = a^3 ∑ x e^{ik·x}⟨Φ_h(x, t)Φ^†_h(0)⟩ | |_{(±r,mq )} . (3.18)

From the general principles of quantum mechanics and the existence of a lattice hamiltonian for any |r| ≤ 1 (see section 2.3), it follows [34, 35] that the following spectral representation (t > 0) must hold G_{hh}(k, t; ±r, m_q ) = ∑ n e^{−Eh,n(k;±r,mq )t} 2E_{h,n}(k; ±r, m_q ) |R_{h,n}(k; ±r, m_q)|^2 , (3.19)

where the E_{h,n}(k; ±r, m_q )’s denote the energies of the (covariantly normalized) states |h, n, k⟩|_{(±r,mq )} in the two regularizations we are comparing and R_{h,n}(k; ±r, m_q) = ⟨Ω|Φ_h|h, n, k⟩|_{(±r,mq )} . (3.20) For combinations of operators and states such that R_{h,n}(k; ±r, m_q) is non-vanishing in the continuum limit, we expect for sufficiently small a

E_{h,n}(k; ±r, m_q) = E^{cont}_{h,n} (k, m_q) + δ^±_{h,n} , δ^±_{h,n} = O(a) , (3.21) |R_{h,n}(k; ±r, m_q)|^2 = |ζ^{Φh}_{Φh} (r)|^2|R^{cont}_{h,n} (k, m_q)|^2(1 + ϵ^±_{h,n}) , ϵ^±_{h,n} = O(a) . (3.22)

From the absence of O(a) terms in the average G_{hh}(k, t) | |^{W A}_{(mq )} = 1 2 [ G_{hh}(k, t; r, m_q) + G_{hh}(k, t; −r, m_q ) ] (3.23)

and the arbitrariness of t, one gets

δ^+_{h,n} + δ^−_{h,n} = O(a^2) (3.24) ϵ^+_{h,n} + ϵ^−_{h,n} = O(a^2) (3.25)

and consequently 1 2 [ E_{h,n}(k; r, m_q) + [r → −r] ] = E^{cont}_{h,n} (k, m_q) + O(a^2) , (3.26) 1 2 [ |R_{h,n}(k; r, m_q )|^2 + [r → −r] ] = |ζ^{Φh}_{Φh} (r)|^2|R^{cont}_{h,n} (k, m_q)|^2 + O(a^2) . (3.27)

– 16 –

The practical recipe suggested by these equations is to first extract energies (hence masses, E_{h,n}(0; r, m_q ) = M_{h,n}(r, m_q)) and matrix elements separately from the two terms in the r.h.s. of eq. (3.23) and then take the W A of the corresponding quantities to get rid of O(a) cutoff effects.

We show in appendix E that the argument leading to eq. (3.26) directly applies to the energy of baryonic states, with no need of splitting the interpolating operators into R_5-even and -odd parts.

A somewhat more elaborate argument can be made to show that it is possible to take the “square root” of eq. (3.22) before computing the average, thus getting the simpler relations 1 2 [ R_{h,n}(k; r, m_q ) + [r → −r] ] = ζ^{Φh}_{Φh} (r)R^{cont}_{h,n} (k, m_q) + O(a^2) , (3.28)

which say that R_{h,n}(k; r, m_q) and R_{h,n}(k; −r, m_q) only differ by O(a) terms that are odd in r.^{12}

3.2.1 Generalization to three-point correlators The above line of arguments can be generalized to encompass the case of three-point correlators. Let us consider the double FT G_{hBh}′ (k, t, k^′, t^′; ±r, m_q) = a^6 ∑ x,x^′ e^{ik·x}e^{−ik′·x′} ⟨Φ_h(x, t)B(0)Φ^†_{h′} (x^′, t^′)⟩ | |_{(±r,mq )} , (3.29)

where, like Φ_h, also B is a local, m.r. operator. With an obvious extension of the previous notations we can write for the spectral decomposition of G_{hBh}′ (t > 0, t^′ < 0) G_{hBh}′ (k, t, k^′, t^′; ±r, m_q) = ∑ n,n^′ e^{−Eh,n(k;±r,mq )t} 2E_{h,n}(k; ±r, m_q) e^{Eh′,n′ (k′;±r,mq )t′} 2E_h′_{,n}′ (k^′; ±r, m_q) · · R_{h,n}(k; ±r, m_q)⟨h, n, k|B|h^′, n^′, k^′⟩ | |_{(±r,mq )}R^⋆_h′_{,n}′ (k^′; ±r, mq) . (3.30) O(a) improvement of the correlator (3.29) via W A, together with eqs. (3.26) and (3.27) (or rather (3.28)), imply the set of relations 1 2 [ ⟨h, n, k|B|h^′, n^′, k^′⟩ | |_{(r,mq )} + [r → −r] ] = ζ^B_B (r)⟨h, n, k|B|h^′, n^′, k^′⟩ | |^{cont}_{(mq )} + O(a^2) . (3.31)

Eqs. (3.31) prove that W A’s of matrix elements of local operators with definite γ_5-chirality between pairs of states having arbitrary three-momenta are O(a) improved.

3.3 Renormalization constants In agreement with the general argument about the r-dependence of renormalization costants given in section 2 (below eq. (3.2)), we explicitly show that, in a mass independent renormalization scheme, the lattice renormalization constant, Z_B , of a m.r. local operator, B, can (and should) be defined as an even function of r. Furthermore we prove that Z_B can be determined non-perturbatively with only O(a^2) discretization errors.

12If there is only one operator that can create from the vacuum the state |h, n, k⟩|_{(r,mq )}, a suitable choice for its phase is sufficient to obtain eq. (3.28). When there are several such operators, consideration of all the related two-point correlators is necessary.

– 17 –

To define the renormalization constant of the m.r. operator, B, let us fix our attention on the correlator G_B (x; r, m_q) = ⟨Φ_B(x)B(0)⟩ | |_{(r,mq )} , (3.32)

with Φ_B a m.r. operator located at x ≠ 0, with the same unbroken quantum numbers and R_5-parity as B. Schematically, mimicking the standard continuum construction, one can get a non-perturbative estimate of the lattice renormalization constant of B using the formula

Z_B(aμ, r) ⟨Φ_B (x)B(0)⟩ | | (r,0) [⟨Φ_B (x)Φ_B (0)⟩ | | (r,0) ]^{1/2} | | |_{|x|=μ−1} = ⟨Φ_B(x)B(0)⟩ | | (r,0) [⟨Φ_B (x)Φ_B (0)⟩ | | (r,0) ]^{1/2} | | |^{tree}_{|x|=μ−1} , (3.33)

where μ plays the role of subtraction point. At the cost of introducing some infrared regulator, all correlators in (3.33) are evaluated at m_q = 0. This is not in conflict with what we said in section (3.1.3), because the phenomenon of SχSB is not expected to affect in any way the value of renormalization constants.

Eq. (3.33) automatically implies that Z_B (aμ, r) is even in r, because each correlator in (3.33) is R_5-even. Any other definition of renormalization constant will have to be even in r, otherwise the renormalized lattice operator, B̂ = Z_BB, could not have the same R_5 (hence chiral) transformation properties as the corresponding continuum operator.

In actual simulations one has to relax the condition m_q = 0, unless the Schrödinger functional setup is employed. But one may define at non-vanishing mass a renormalization constant, Z_B(aμ, am_q, r), still employing a formula like (3.33). To avoid introducing a new symbol, we gave to this determination of the renormalization constant the same name we used before, in view of the fact that Z_B (aμ, 0, r) = Z_B (aμ, r). The important point is that Z_B (aμ, am_q, r) is no longer even in r and near to the continuum limit differs from Z_B (aμ, r) by O(am_q) terms.

An O(a) improved r-even estimate, Z^I_B , can be however obtained either from the equation

Z^I_B(aμ, am_q, r) ⟨Φ_B(x)B(0)⟩ | |^{W A}_{(mq )} [⟨Φ_B (x)Φ_B (0)⟩ | |^{W A} (m_q )

]^{1/2} | | |_{|x|=μ−1} = ⟨Φ_B (x)B(0)⟩ | |^{W A}_{(mq )} [⟨Φ_B (x)Φ_B (0)⟩ | |^{W A} (m_q )

]^{1/2} | | |^{tree}_{|x|=μ−1} , (3.34)

or, as we did in the case of masses and matrix elements, by taking the W A of the unimproved estimates computed with fermionic actions having Wilson terms of opposite signs. In formulae Z^I_B (aμ, am_q, r) = 1 2 [ Z_B (aμ, am_q, r) + Z_B (aμ, am_q, −r) ] + O(a^2) . (3.35)

The arguments developed in this section apply, in particular, to the renormalization constants of the pseudo-scalar and scalar quark densities, Z_P and Z_S0 (we recall that z_mZ^{−1}_P = Z^{−1}_{S0} [39, 8] is the quark mass renormalization constant, see eq. (A.8) of appendix A), as well as the renormalization constants of the vector and axial vector currents, Z_V and Z_A.

– 18 –

Also the renormalization constant of the gauge coupling, Z_g, is even in r. A simple way of seeing it is to observe that the whole r-dependence of Z_g is through the fermionic determinant, which at m_q = 0 is even in r.

Concretely Z_g could be computed by making reference to the quark-antiquark potential, V_{qq̄}, using the equations Z_g (a d , r ) g^2_0 = g^2_{qq̄} (a d , r ) , (3.36) C_F 4π g^2_{qq̄} (a d , r ) = ∂V_{qq̄}(d/a, r) ∂d , (3.37)

where C_F = 4/3 for the gauge group SU(3)_c and V_{qq̄} can be extracted from the expectation value of two Polyakov loops located at spatial distance d (d^{−1} plays the rôle of subtraction point, μ). In a mass independent renormalization scheme, we can go in the chiral limit and observe that the Polyakov loop correlation function is even in r. The same holds for ∂V_{qq̄}(d/a, r)/∂d and consequently for Z_g(a/d, r). At m_q ≠ 0 an O(a) improved r-even determination of Z_g can be obtained through an average of the type (3.35).

We close this section by remarking that, in the context of the standard O(a) improvement à la Symanzik, the improvement coefficients c_{SW} [6], b_m and b_g [8, 9] are necessarily odd under r → −r. Similarly odd must be the improvement coefficients of quark bilinears [9, 10, 40]. These results follow from the observation that the structure of O(a) terms in the unimproved Wilson theory is dictated by the spurionic invariance of the lattice Wilson action under R^{sp}_5 . In particular, since these terms must be invariant under R^{sp}_5 , they can only be canceled by similarly R^{sp}_5 invariant improvement counterterms added to either the action or the operators. To conclude that c_{SW} , b_m, b_g are r-odd, it is thus sufficient to observe that they multiply O(a) improvement terms in the action which are odd under R_5 ×(m_q → −m_q). Similarly quark bilinear improvement coefficients are all r-odd, because the O(a) terms they go along with have transformation properties under R_5 ×(m_q → −m_q) opposite to that of the quark bilinear in which they appear. This argument can be extended to a generic operator with the result that all improvement coefficients are r-odd.

Actually one can go one step further and make use of this kind of spurion analysis to deduce the r-parity properties of the coefficients of “wrong chirality” mixings. This topic will be central in the discussion of ref. [29].

4. Twisted mass LQCD

In this and the following sections we want to extend the idea of Wilson averaging to tm- LQCD. For completeness and to set our notations, we start by giving a short introduction to tm-LQCD which extends the presentation of ref. [20].

4.1 The action

For the purpose of this paper it is convenient to begin with a slightly more general expression of the lattice regularized action than the ones discussed in refs. [19, 20]. We consider

– 19 – a fermionic action of the form

S^{L−tm} F [ψ, ψ̄, U] = a^4 ∑ x ψ̄(x) [ 1 2 ∑ μ γ_μ(∇^⋆_μ + ∇_μ) − a r 2 ∑ μ ∇^⋆_μ∇_μ exp(−iω_rγ_5τ_3) +

+ M^′_0 + M^{′′}_0 (−iγ_5τ_3) ] ψ(x) , (4.1)

describing an SU(2)_f flavour doublet of mass degenerate quarks.^{13} Besides r, three more real parameters, M^′_0, M^{′′}_0 and ω_r, appear in eq. (4.1), though, as we shall see, only two are actually relevant.

As for the question of reflection positivity of tm-LQCD, it was shown in ref. [36] that the most general form of a (link) reflection positive (bilinear) fermionic action is such as to include the expression (4.1) for all values of g^2_0 , M^′_0, M^{′′}_0 and |r| ≤ 1 (see appendix B for more details).

The standard Wilson action (in the notations of eq. (2.2)) is recovered setting ω_r = 0, M^{′′}_0 = 0, while tm-LQCD as formulated in [19] is obtained for ω_r = 0, M^′_0 = m_0 and M^{′′}_0 = −μ_q. The spurionic symmetry of S^{L−tm}_F analog of (2.5) takes the form

R^{sp}_5 ≡ R_5 × [r → −r] × [M^′_0 → −M^′_0] × [M^{′′}_0 → −M^{′′}_0 ] . (4.2)

It is immediately seen that under the (non-anomalous) chiral change of variables { ψ(x) → ψ^′(x) = T (θ)^{−1}ψ(x) ψ̄(x) → ψ̄′(x) = ψ̄(x)T (θ)−1 (4.3) with T (θ) = exp(iθγ_5τ_3/2) , (4.4)

the fermionic action (4.1) transforms as follows

S^{L−tm} F [ψ, ψ̄, U] −→ a^4 ∑ x ψ̄(x) [ 1 2 ∑ μ γ_μ(∇^⋆_μ + ∇_μ) − a r 2 × × ∑ μ ∇^⋆_μ∇_μ exp[−i(ω_r + θ)γ_5τ_3] + M^′_0 cos θ − M^{′′}_0 sin θ +

+ (M^{′′}_0 cos θ + M^′_0 sin θ)(−iγ_5τ_3) ] ψ(x) . (4.5)

With an eye to the standard expression of the formal continuum Dirac action, one can without loss of generality use this freedom to somewhat simplify the form of the regularized lattice action (4.1). It goes without saying that in computing expectation values of the kind (2.4), the fields in the action as well as those in O must be simultaneously rotated, should one be willing to make use of (4.3).

13The case of non-degenerate masses requires some special considerations and will be discussed in refs. [28, 29].

– 20 –

At M^′_0 = M^{′′}_0 = 0 the action (4.1) is invariant under the discrete transformation (x_P = (−x, t))

P_{ωr} : U_0(x) → U_0(x_P ) U_k(x) → U^†_k (x_P − ak̂) k = 1, 2, 3 ψ(x) → T (ω_r)γ_0T (ω_r)^{−1}ψ(x_P ) ψ̄(x) → ψ̄(x_P )T (ω_r)−1γ_0T (ω_r)

(4.6)

and the continuous ones (b = 1, 2, 3, no sum over b)

I^b_{ωr} (θ) : { ψ(x) → T (ω_r) exp(iθ_bτ_b/2)T (ω_r)^{−1}ψ(x) ψ̄(x) → ψ̄(x)T (ω_r)−1 exp(−iθ_bτ_b/2)T (ω_r) (4.7)

In connection with these formulae we note that P_{ωr} is the “rotated” version of the standard parity operation (P_{ωr =0} = P, see eq. (5.4) below) and that the factors T and T^{−1} in (4.7) cancel if b = 3.

The (1-point split) currents associated with the flavour transformations (4.7) are

J^b_μ(x) = 1 2 [ ψ̄(x)τ^b 2 [γ_μT (ω_r)^{−2} − r]U_μ(x)ψ(x + aμ̂) + + ψ̄(x + aμ̂) τ_b 2 [γ_μT (ω_r)^{−2} + r]U^†_μ(x)ψ(x) ] , b = 1, 2 (4.8)

J^3_μ(x) = 1 2 [ ψ̄(x)τ^3 2 [γ_μ − rT (ω_r)^{−2}]U_μ(x)ψ(x + aμ̂) + + ψ̄(x + aμ̂) τ_3 2 [γ_μ + rT (ω_r)^{−2}]U^†_μ(x)ψ(x) ] . (4.9)

Of course J^3_μ is a vector current, which is conserved even when the condition M^′_0 = M^{′′}_0 = 0 is not fulfilled. The other two currents are mixtures of vector and axial currents with flavour indices 1 and/or 2, whose relative magnitude depends on the value of the angle ω_r. We will discuss in section 4.2 the structure of the non-singlet WTI’s of tm-LQCD.

The action (4.1) is also invariant under charge conjugation

C : U_μ(x) → U^∗_μ (x) ψ(x) → iγ_0γ_2ψ̄^T(x) ψ̄(x) → −ψT(x)iγ_0γ_2 (4.10)

and the two discrete transformations

P^{1,2}_F :

U_0(x) → U_0(x_P ) U_k(x) → U^†_k (x_P − ak̂) k = 1, 2, 3 ψ(x) → iγ_0τ_{1,2}ψ(x_P ) ψ̄(x) → −iψ̄(x_P )τ_{1,2}γ_0 (4.11)

Charge conjugation and P^2_F invariances rule out action counterterms of the form a^4 × ∑ x ψ̄(x) ∑_μ γ_μ(∇∗_μ + ∇_μ) γ_5 τ ψ(x) with τ any matrix in flavour space. In analogy with the definitions (4.11), we could also introduce the transformation P^3_F . The latter, however, as soon as ω_r ≠ 0 or M^{′′}_0 ≠ 0, is not a symmetry of the action (4.1).

– 21 –

The existence, at vanishing M^′_0 and M^{′′}_0 , of the symmetries (4.6) and (4.7) implies in particular that radiative corrections can only generate (possibly divergent) mass terms invariant under P_{ωr} and I^{1,2}_{ωr} . Consequently the critical mass will contribute the lattice action a single term having the form ψ̄M_{cr} exp(−iω_rγ_5τ_3)ψ with M_{cr} the critical mass of the standard Wilson theory. To prove this statement it is convenient to first rewrite the action (4.1) in the form

S^{L−tm} F [ψ, ψ̄, U] = a^4 ∑ x ψ̄(x) [ 1 2 ∑ μ γ_μ(∇^⋆_μ + ∇_μ) + ( −a r 2 ∑ μ ∇^⋆_μ∇_μ + M_{cr}(r) ) ×

× exp(−iω_rγ_5τ_3) + m_q exp(iω_mγ_5τ_3) ] ψ(x) , (4.12)

where both Wilson and mass term are twisted. To get eq. (4.12) from (4.1) we have introduced besides the excess quark mass

M^′_0 − M_{cr} cos ω_r = m_q cos ω_m , (4.13)

also the excess twisted quark mass

M^{′′}_0 − M_{cr} sin ω_r = −m_q sin ω_m (4.14)

with m_q ≥ 0. Physics is unaffected if we subject (4.12) to the transformation (4.3) with θ = −ω_r (change of variables in the functional integral). In the new variables the fermionic action reads

S^{tm−LQCD} F [χ, χ̄, U] = a^4 ∑ x χ̄(x) [ 1 2 ∑ μ γ_μ(∇^⋆_μ + ∇_μ) + ( −a r 2 ∑ μ ∇^⋆_μ∇_μ + M_{cr}(r) ) +

+ m_q exp[i(ω_m + ω_r)γ_5τ_3] ] χ(x) . (4.15)

We gave it the name S^{tm−LQCD}

F because with the identifications

m_q cos(ω_m + ω_r) → m_q (4.16) m_q sin(ω_m + ω_r) → μ_q (4.17)

eq. (4.15) is precisely the tm-LQCD action of ref. [19]. In the form (4.15) it is clear that M_{cr} cannot depend on ω_r (nor on ω_m), because the whole ω_r (and ω_m) dependence is brought by the excess quark mass term. The argument also shows that the value of the critical mass is the same as for the standard Wilson theory.

Going back for a while to the form (4.12) of the tm-LQCD action, it is worth noting that 1) the transformations P_{ωr} and I^b_{ωr} , b = 1, 2, are exact symmetries if m_q = 0 for any ω_r and, if ω_r = −ω_m, even when m_q ≠ 0, provided m_q is a multiple of the identity in flavour space; 2) since the currents given by the eqs. (4.8) and (4.9) are conserved in the massless limit, they do not suffer of any renormalization. We will make use of this observation in section 6.2.

– 22 –

Starting from the action (4.12), we might equally well set the phase of m_qψ̄ψ to zero by bringing it fully to the Wilson term with a rotation (4.3) of an angle ω_m. Precisely because in this basis the quark mass term has the canonical form, we will call it the “physical” basis. In this basis the action takes the form

S^{L,ph}_F [ψ_{ph}, ψ̄_{ph}, U] = a^4 ∑ x ψ̄_{ph}(x) [ 1 2 ∑ μ γ_μ(∇^⋆_μ + ∇_μ) + ( −a r 2 ∑ μ ∇^⋆_μ∇_μ + M_{cr}(r) ) ×

× exp(−iωγ_5τ_3) + m_q ] ψ_{ph}(x) (4.18)

and, to avoid any possible confusion, the quark fields have been denoted by ψ_{ph}, ψ̄_{ph}. Eq. (4.18) shows that physics can all be extracted from lattice quantities that only depend on three real parameters, m_q, r and the combination

ω = ω_m + ω_r mod (2π) . (4.19)

In particular the fermion determinant, D_F , has the expression

D_F = det [ (D^{cr}_W + m_q cos ω)^†(D^{cr}_W + m_q cos ω) + m^2_q sin^2 ω ] , (4.20)

D^{cr}_W = ∑ μ [ 1 2 γ_μ(∇^⋆_μ + ∇_μ) − a r 2 ∇^⋆_μ∇_μ ] + M_{cr}(r) . (4.21)

Eq. (4.20) shows that the fermion determinant is real and positive [41] and no zero modes can occur if m_q, ω ≠ 0.

Ending this section, we wish to remark that the tm-LQCD action (4.18) with |ω| = π/2 is closely related to the action first proposed by Osterwalder and Seiler (OS) [35].^{14} There is, however, a key difference between the OS proposal and tm-LQCD. While in the action of ref. [35] quarks of different flavours are all twisted with the same angle, in tm-LQCD quarks of different flavours appear combined in pairs and the twisting involves a traceless flavour matrix, which for degenerate quarks is conveniently chosen to be τ_3 (besides, tm- LQCD is defined for any twisting angle in the 0-2π range). This specific pairing of quarks is crucial to guarantee the validity of two related properties, which are not satisfied by the OS action [42, 43]: positivity of the fermionic determinant (see eq. (4.20)) and independence from the twisting angle of all the continuum renormalized correlation functions.

The second property can be proved in different ways. One way is to rely on universality arguments [19] and notice that for GW fermions a twist in the mass term of the nonsinglet type, like the one we are considering here, can always be let to disappear from the lattice action by a non-anomalous chiral transformation. This is the same as saying that in the continuum limit physics will not be dependent on the value of the twisting angle. An equivalent, perhaps more direct, way is to notice that in tm-LQCD, through a chiral change of fermionic variables in the path integral, one can always bring the whole twist on the “subtracted” Wilson term (see eq. (4.18)). The latter on the basis of symmetry

14The use of the OS formulation to solve the problem of exceptional configurations was first suggested in ref. [27].

– 23 – and power counting arguments can only mix with dimension 5 operators (in particular it cannot mix with iTr[F_{μν}F̃_{μν} ], because of the different transformation properties under P^{1,2}_F (eq. (4.11)), thus it appears as a truly irrelevant operator. On the contrary, if one considers a fermion regularization with a flavour singlet twisted Wilson term, like the one proposed in [35], a term proportional to i ∫ d^4x Tr[F_{μν}F̃_{μν} ](x) multiplied by the twisting angle will occur in the effective gauge action. In this situation the corresponding continuum theory will explicitely depend on the twisting angle, with the latter playing the role of the θ-angle of the vacuum [43].

4.2 Non-singlet Ward-Takahashi identities In this section we want to write down explicitly the expression of the renormalized operators (currents and quark densities) entering the flavour non-singlet WTI’s of the theory described by the general fermionic action (4.12), where both the Wilson and the mass term are twisted. The results that we present below can be derived in various equivalent ways. One possibility is to follow the general procedure of ref. [4] and apply it to the present situation. A shortcut is to start from what has been already proved in ref. [19] and derive the required formulae by performing the chiral change of fermionic variables that brings from the standard tm-LQCD action to the action (4.12).

Our formulae are written in terms of (bare) local currents and quark density operators. To make easy contact with the existing literature the relevant renormalization coefficients are expressed in terms of the (r-even) renormalization constants, Z_V , Z_A, Z_P and Z_S0 , of the local operators of the standard Wilson theory (see appendix A for notations and definitions).

The renormalized vector and axial currents can be taken to be V̂^1_μ = Z_{V V} (ω_r, ω) ψ̄γ_μ τ^1 2 ψ + Z_{V A}(ω_r, ω) ψ̄γ_μγ_5 τ_2 2 ψ (4.22)

V̂^2_μ = Z_{V V} (ω_r, ω) ψ̄γ_μ τ^2 2 ψ − Z_{V A}(ω_r, ω) ψ̄γ_μγ_5 τ_1 2 ψ (4.23)

V̂^3_μ = Z_V ψ̄γ_μ τ^3 2 ψ (4.24)

Â^1_μ = Z_{AA}(ω_r, ω) ψ̄γ_μγ_5 τ^1 2 ψ + Z_{AV} (ω_r, ω) ψ̄γ_μ τ_2 2 ψ (4.25)

Â^2_μ = Z_{AA}(ω_r, ω) ψ̄γ_μγ_5 τ^2 2 ψ − Z_{AV} (ω_r, ω) ψ̄γ_μ τ_1 2 ψ (4.26)

Â^3_μ = Z_A ψ̄γ_μγ_5 τ^3 2 ψ , (4.27)

where Z_{V V} , Z_{V A}, Z_{AV} , Z_{AA} are finite functions of g^2_0 , r, ω_r and ω, given by the formulae

Z_{V V} (ω_r, ω) = 1 Z_M (ω) [ Z_V z_m cos ω_r cos ω + Z_A sin ω_r sin ω ] (4.28) Z_{V A}(ω_r, ω) = 1 Z_M (ω) [ − Z_V z_m sin ω_r cos ω + Z_A cos ω_r sin ω ] (4.29) Z_{AA}(ω_r, ω) = 1 Z_M (ω) [ Z_Az_m cos ω_r cos ω + Z_V sin ω_r sin ω ] (4.30) Z_{AV} (ω_r, ω) = 1 Z_M (ω) [ − Z_Az_m sin ω_r cos ω + Z_V cos ω_r sin ω ] . (4.31)

– 24 –

In eqs. (4.28) to (4.31) we used the definitions (4.19) and (A.10) and we set

Z_M (ω) = [ z^2_m cos^2 ω + sin^2 ω ]_{1/2} . (4.32)

With reference to the currents (4.22) to (4.27), the WTI’s with the insertion of the renormalized (multi-local) operator Ô(y) (y ≠ x) take the expected form (b = 1, 2, 3) ⟨∂^⋆_μV̂^b_μ (x)Ô(y)⟩ | |^{(ωr ,ωm)} (r,m_q ) = O(a) (4.33) ⟨∂^⋆_μÂ^b_μ(x)Ô(y)⟩ | |^{(ωr ,ωm)} (r,m_q ) = 2m̂_q⟨P̂^b(x)Ô(y)⟩ | |^{(ωr ,ωm)} (r,m_q ) + O(a) (4.34)

with m̂_q = Z_M (ω)Z^{−1}_P m_q , (4.35)

provided we define in terms of bare quantities the renormalized pseudo-scalar operators, P̂ b, to be

P̂^b = Z_P ψ̄ τ^b 2 γ_5ψ b = 1, 2 (4.36)

P̂^3 = Z_P [ Z_{P P} (ω_r, ω)ψ̄ τ_3 2 γ_5ψ + Z_{P S}0 (ω_r, ω) i 2 ψ̄ψ + Z_{P 1}(ω)1 i a^3 ] (4.37)

with

Z_{P P} (ω_r, ω) = 1 Z_M (ω) [ z_m cos ω_r cos ω + z^{−1}_m sin ω_r sin ω ] (4.38)

Z_{P S}0 (ω_r, ω) = 1 Z_M (ω) [ − z_m sin ω_r cos ω + z^{−1}_m cos ω_r sin ω ] (4.39)

Z_{P 1}(ω) = sin ω Z_M (ω) ρ_P (am_q, ω) . (4.40)

Equations from (4.33) to (4.40) need a number of qualifications. First of all, the set of labels (ω_r, ω_m, r, m_q) in eqs. (4.33) and (4.34) is there to remind that, if the general lattice action (4.12) is used, the formulae (4.22) to (4.27) for the currents and (4.36), (4.37) for the pseudo-scalar quark densities have to be consequently employed. Secondly, the unusual mixing of ψ̄^{τ3}_2 γ_5ψ with ψ̄ψ and the identity operator is due to the breaking of parity and isospin induced in the action (4.12) by the twisting of the Wilson and mass term. Finally ρ_P (am_q, ω) is a coefficient function even in ω (and odd in r) which admits a simple polynomial expansion in am_q. Details about the structure of the power divergent subtraction in eq. (4.37) can be found in ref. [46].

In conclusion in this section we have recollected for completeness the general formulae (equations from (4.22) to (4.40)), that can be used to smoothly interpolate between the situation in which the whole twist is carried by the Wilson term (physical quark basis with ω_r = ω, ω_m = 0, eq. (4.18)) and the tm-LQCD formulation of ref. [19], where ω_r = 0, ω_m = ω (eq. (4.15)).

– 25 –

5. Improved physics from tm-LQCD

To make the discussion of improvement transparent it is convenient to use the form (4.18) of the tm-LQCD action.

With the help of the formalism developed in section 3 it is straightforward to show that W A’s of pairs of tm-LQCD correlators computed with opposite values of r and a common value of m_q are free of O(a) corrections at fixed value of ω. Exactly as in the case of the standard Wilson formulation, an identical result is obtained if correlators computed with a fixed value of r but mass terms of opposite sign are combined (mass average, MA) with a relative sign equal to the R_5-parity of the operator O whose expectation value is being computed. Moreover, an analysis of the properties of the (unimproved) lattice correlators and derived quantities under ω → −ω leads to a deeper understanding of the practical consequences of the parity and isospin breaking that occurs at ω ≠ 0. From this analysis it turns out that the tm-LQCD action (4.18) with ω = ±π/2 is particularly convenient for physical applications.

5.1 Improving correlators: the general argument

The proof of improvement of W A’s (or MA’s) of correlators in tm-LQCD exactly parallels the argument presented in section 3, observing that tm-LQCD action (4.18) is invariant under the spurionic transformation (3.1). We only remark for future use that changing the sign of the Wilson term is equivalent to shifting the twisting angle by π. In other words the combined transformation [r → −r] × [ω → ω + π] leaves the action (4.18) invariant.

The proof proceeds by showing that all the steps we went through in the untwisted, Wilson case remain valid also here. One starts with the Symanzik expansion ⟨O⟩ | |^{(ω)}_{(r,mq )} = [ζ^O_O (ω, r) + amqξ^O (ω, r)]⟨O⟩ | |^{cont}_{(mq )} + a ∑ ℓ (m_q)^{nℓ} η^O_ℓ (ω, r)⟨O_ℓ⟩ | |^{cont}_{(mq )} + O(a^2) ,

(5.1) where, as in section 3, O is a multi-local, m.r. operator. Lattice expectation values in eq. (5.1) are characterized by r, m_q and ω. The parameter ω is kept fixed in all the arguments of this section and the dependence on g^2_0 is always understood. As in the standard Wilson case we are concerned with the r-dependence of the Symanzik coefficients ζ, ξ and η. It should be noted that for generic values of ω more operators, O_ℓ, contribute to the expansion (5.1), as compared to the standard Wilson case. The new operators arise due to the breaking of parity and isospin induced by the chiral twist of the Wilson term in eq. (4.18). This fact, however, does not harm the argument that follows. In fact, as we prove in appendix C, the relation

P_{R5} [O] + P_{R5} [O_ℓ] + n_ℓ = 1 mod (2) (5.2)

also holds in the tm-LQCD case, because the symmetry considerations upon which it is based remain valid for the whole set of operators O_ℓ entering the expansion (5.1). Thus all the formulae we proved in section 3 maintain their validity also here at any fixed value of ω. In particular all the results concerning the W A improvement of correlators

– 26 –

(eq. (3.9)) and derived quantities (eqs. (3.26), (3.28) and (3.31)), as well as the property of renormalization constants of being even in r and the formula for the O(a) improvement of their determination (section 3.3) remain true in the framework of tm-LQCD.

As in the case of standard Wilson fermions, O(a) improvement via W A is equivalent to the observation that the Symanzik coefficients ζ, ξ and η appearing in the r.h.s. of eq. (5.1) have definite r-parity properties ζ^O_O (ω, r) = ζ^O_O (ω, −r) = ζ^O_O (ω + π, r) ξ^O (ω, r) = −ξ^O (ω, −r) = −ξ^O (ω + π, r) η^O_ℓ (ω, r) = −η^O_ℓ (ω, −r) = −η^O_ℓ (ω + π, r) . (5.3) In eqs. (5.3) the second equality of each line follows from the invariance of the action (4.18) under [r → −r] × [ω → ω + π].

5.2 The ω-dependence of lattice correlators

While working with ω ≠ 0 in the action (4.18) solves all the problems related to spurious modes of the WD operator, it implies, as we repeatedly said, a breaking of the parity (and isospin) symmetry. It should be noted, however, that if the parity operation is accompanied by a change of sign of ω, the action remains invariant.

It is, in fact, immediate to verify that under the combined transformation P × (ω → −ω), where (remember the definition x_P = (−x, t))

P : U_0(x) → U_0(x_P ) , U_k(x) → U^†_k (x_P − ak̂) , k = 1, 2, 3 ψ_{ph}(x) → γ_0ψ_{ph}(x_P ) ψ̄_{ph}(x) → ψ̄_{ph}(x_P )γ_0

(5.4)

is the physical parity of the theory, the action (4.18) goes into itself. In the spirit of spurion analysis this invariance and the further property [P ×(ω → −ω)]^2 = 1 imply that a definite parity label, p, can be attributed to any multi-local operator on the basis of the relation (see also appendix F) ⟨O^{(p)}(x_1, x_2, . . . , x_n)⟩ | |^{(ω)} (r,m_q ) = (−1)^p ⟨O^{(p)}(x_{1P} , x_{2P} , . . . , x_{nP} )⟩ | |^{(−ω)} (r,m_q ) . (5.5)

We remark that the renormalization of tm-LQCD is such as to respect eq. (5.5). In particular, this means that, whenever two bare local operators with opposite transformation properties under (5.4) mix, the relative mixing coefficient must be odd in ω. Examples of this phenomenon are found in eqs. (4.22), (4.23), (4.25), (4.26) and (4.37). Clearly the situation for P here is identical to the one we had before for R_5. From now on, for short, we will call (−1)^p the formal parity of the operator O^{(p)}. Notice that what we are calling formal parity coincides with the parity of the operator when parity invariance is restored (ω = 0 and continuum limit).

– 27 –

Inserting the appropriate form of Symanzik expansion (5.1) in the two sides of the relation (5.5), one can prove the following parity properties of the Symanzik coefficients under ω → −ω ζ^{O(p)}_{O(p)} (ω, r) = ζ^{O(p)}_{O(p)} (−ω, r) ξ^{O(p)}_{O(p)} (ω, r) = ξ^{O(p)}_{O(p)} (−ω, r) η^{O(p)}_{Oℓ} (ω, r) = (−1)^{p+pℓ} η^{O(p)}_{Oℓ} (−ω, r) . (5.6) In the last of the eqs. (5.6) (−1)^{pℓ} is the physical parity of the operator O_ℓ in the formal continuum theory, defined by the formula (analogous to (5.5)) ⟨O_ℓ(x_1, x_2, . . . , x_n)⟩ | |^{cont}

(m_q ) = (−1)^{pℓ} ⟨O_ℓ(x_{1P} , x_{2P} , . . . , x_{nP} )⟩ | |^{cont}

(m_q )

. (5.7)

From eqs. (5.6) one can derive a number of interesting consequences concerning the nature and the magnitude of parity violating terms in lattice correlators.

First of all, we observe that at ω = 0 (no twisting), where the physical parity (5.4) is an exact symmetry of the lattice theory, the last of the relations (5.6) implies

η^{O(p)}_{Oℓ} (0, r) = (−1)^{p+pℓ} η^{O(p)}_{Oℓ} (0, r) . (5.8)

As expected, we find that only operators, O_ℓ, with the same parity as O^{(p)} (p_ℓ = p mod (2)) can contribute to the Symanzik expansion of the latter, because p + p_ℓ = 1 mod (2) implies η^{O(p)}_{Oℓ} (0, r) = 0.

If ω ≠ 0, parity is broken and also operators, O_ℓ, with p_ℓ = p + 1 mod (2) may contribute. These terms are odd in ω and, consistently with universality (they vanish at ω = 0), appear in the Symanzik expansion multiplied by an explicit factor of a.

The results of the whole analysis can be summarized by saying that

1. all physically relevant quantities are contained in the ω-even parts of lattice correlators (see the first of eqs. (5.6)),

2. ω-odd parts of lattice correlators are O(a),

3. contributions from continuum operators with p_ℓ = p + 1 mod (2) enter lattice correlators only at O(a) or higher.

5.3 The ω-parity of energies and matrix elements

Exploiting the invariance of the tm-LQCD action (4.18) under the P × (ω → −ω), it is possible to study the transformation properties under ω → −ω of energy eigenvalues and matrix elements of m.r. local operators between pairs of eigenstates of the transfer matrix. From this analysis it follows that hadron masses and matrix elements between zero momentum eigenstates have definite parity under ω → −ω.

Furthermore we show that one can introduce a parity label for the eigenstates of the transfer matrix that turns out to coincide with the usual parity quantum number when parity is restored as a symmetry of the theory, i.e. either at ω = 0 or in the continuum limit.

– 28 –

This notion is interesting in itself as it allows to control the magnitude of parity violating contributions in lattice correlators and proves to be useful in discussing O(a) improvement in the special case ω = ±π/2.

5.3.1 Matrix elements, energy eigenvalues and masses It is not difficult to analyse the transformation properties of energy eigenvalues and matrix elements under ω → −ω and prove that masses are ω-even quantities.

Let us start by considering the two-point correlation function

G_{hh}(x, t; ω, r, m_q ) = ⟨Φ_h(x, t) Φ^†_h(0, 0)⟩ | |^{(ω)} (r,m_q ) , (5.9)

where Φ_h is a m.r. local operator with definite formal parity, (−1)^{pΦ}h . The spatial FT of (5.9) G_{hh}(k, t; ω, r, m_q ) = a^3 ∑ x e^{ik·x}⟨Φ_h(x, t) Φ^†_h(0, 0)⟩ | |^{(ω)}_{(r,mq )} (5.10)

admits the spectral representation (t > 0) G_{hh}(k, t; ω, r, m_q ) = ∑ n e^{−Eh,n(k;ω,r,mq )t} 2E_{h,n}(k; ω, r, m_q ) |R_{h,n}(k; ω, r, m_q )|^2 , (5.11)

where R_{h,n}(k; ω, r, m_q ) = ⟨Ω|Φ_h(0, 0)|h, n, k⟩ | |^{(ω)}_{(r,mq )} (5.12)

and |h, n, k⟩|^{(ω)}_{(r,mq )} is the eigenstate of the transfer matrix, ^T (ω, r, m_q ), that belongs to the eigenvalue E_{h,n}(k; ω, r, m_q ), according to the relation^{15} ^T (ω, r, m_q)|h, n, k⟩ | | |^{(ω)}_{(r,mq )} = e^{−aEh,n(k;ω,r,mq )}|h, n, k⟩ | | |^{(ω)}_{(r,mq )} . (5.13)

The key formula is the relation G_{hh}(k, t; ω, r, m_q ) = G_{hh}(−k, t; −ω, r, m_q ) , (5.14) which follows by performing in the functional integral defining the expectation value in (5.10) the change of integration variables induced by the parity transformation (5.4). Eq. (5.14) implies similar relations for energy eigenvalues and the modulus of matrix elements, namely E_{h,n}(k; ω, r, m_q ) = E_{h,n}(−k; −ω, r, m_q) . (5.15) |R_{h,n}(k; ω, r, m_q )| = |R_{h,n}(−k; −ω, r, m_q)| , (5.16) At k = 0 eq. (5.15) becomes the announced result about the invariance of masses under a sign change of ω, i.e. M_{h,n}(ω, r, m_q ) = M_{h,n}(−ω, r, m_q) . (5.17) In appendix E we sketch how this result can be extended to the baryonic sector of the theory.

15Actually a transfer matrix has been constructed only for |r| = 1. For |r| < 1 one should make reference to the transfer matrix over two lattice spacings (see appendix B). For simplicity we shall ignore this subtlety in the following.

– 29 –

5.3.2 The parity of the transfer matrix eigenstates As we already remarked, the symmetry under parity of the (continuum and) standard Wilson theory is replaced in tm-LQCD by the invariance of the action under the transformation P^{sp} ≡ P × (ω → −ω). Since at ω ≠ 0 parity is broken, a natural question to ask is how the parity operator, ^P, acts on the eigenstates of the transfer matrix. The answer is surprisingly simple and it is contained in the formula ^P |h, n, k⟩ | |^{(ω)}_{(r,mq )} = ηh,n|h, n, −k⟩ | |^{(−ω)}_{(r,mq )} , η^2_{h,n} = 1 . (5.18)

This equation, which is proved in a costructive way in appendix F, allows us to uniquely associate a sign, η_{h,n} = ±1, to each eigenstate of the transfer matrix. With a little abuse of language we will simply call it the “parity” of the state, in view of the fact that at ω = 0 the above formula precisely yields the usual definition of parity. Eq. (5.18) implies for the matrix elements of a m.r. operator B with definite formal parity (−1)^{pB} the important relation ⟨h, n, k|B|h^′, n^′, k^′⟩ | |^{(ω)} (r,m_q ) = η^B_{hn,h}′_n′ ⟨h, n, −k|B|h^′, n^′, −k^′⟩ | |^{(−ω)} (r,m_q ) , (5.19)

where η^B_{hn,h}′_n′ = η_{h,n}(−1)^{pB} η_h′_{,n}′ . (5.20) Eq. (5.19) confirms that the label we have introduced coincides in value with the usual parity quantum number of the continuum states. In fact, at zero spatial momenta, k = k^′ = 0, the matrix element ⟨h, n, 0|B|h^′, n^′, 0⟩|^{(ω)}_{(r,mq )} is odd in ω if the product η_{h,n}η_h′_{,n}′ does not match the formal parity of B, thus it vanishes at ω = 0 and by universality it must also do so as a → 0 for generic ω. This means that for sufficiently small a it is O(a) or higher. If instead η^B_{hn,h}′_n′ = +1, eq. (5.19) at vanishing three-momenta simply tells us that the matrix elements of B are even in ω, thus not necessarily vanishing in the continuum limit.

5.3.3 Deciding the parity of transfer matrix eigenstates We want to schematically describe how one can in practice decide what is the parity label, as defined by eq. (5.18), of a given transfer matrix eigenstate.

Let Φ_1 and Φ_2 be two local, m.r. operators with the same unbroken lattice quantum numbers and definite opposite formal parities, η_1 = (−1)^{p1} and η_2 = (−1)^{p2} (η_1 = −η_2) under P. As a concrete example one may think of the currents in eqs. (4.23) and (4.25). Consider the four correlators (t > 0) G_{ij} (t; ω, r, m_q) = a^3 ∑ x ⟨Φ_i(x, t)Φ^†_j (0, 0)⟩ | |^{(ω)}_{(r,mq )} i, j = 1, 2 . (5.21)

Performing the change of fermionic integration variables induced by the transformation (5.4), it is easily proved that the correlators with i = j are even in ω, hence of O(1) in a, while the correlators with i ≠ j are odd and by universality of O(a). The spectral

– 30 – decomposition of the correlators G_{ij} reads G_{ij} (t; ω, r, m_q ) = ∑ n e^{−Mh,n(ω,r,mq )t} 2M_{h,n}(ω, r, m_q ) ⟨Ω|Φ_i|h, n⟩⟨h, n|Φ^†_j |Ω⟩ | | |^{(ω)}_{(r,mq )} , (5.22)

where the states |h, n⟩|^{(ω)}_{(r,mq )}^{16} are characterized by the set of conserved quantum numbers h and the integer n which labels them in order of increasing mass.

Consider now the state lying at level n and compare the quantities | |⟨h, n|Φ1|Ω⟩|^{(ω)}_{(r,mq )} | |^2 and | |⟨h, n|Φ2|Ω⟩|^{(ω)}_{(r,mq )} | |^2 , (5.23)

that appear in the spectral expansions (5.22) with i = j. Since the cross product ⟨Ω|Φ_1|h, n⟩⟨h, n|Φ^†_2|Ω⟩|^{(ω)}_{(r,mq )} is necessarily of O(a), as this quantity (or its c.c.) is the n^{th} coefficient in the expansions (5.22) with i ≠ j, we find that for each eigenstate one must have either | |⟨h, n|Φ1|Ω⟩|^{(ω)}_{(r,mq )} | |^2 ≫ | |⟨h, n|Φ2|Ω⟩|^{(ω)}_{(r,mq )} | |^2 , (5.24)

or | | |⟨h, n|Φ2|Ω⟩|^{(ω)}_{(r,mq )} | |^2 ≫ | |⟨h, n|Φ1|Ω⟩|^{(ω)}_{(r,mq )} | |^2 . (5.25)

The reason is simply that in order for the four correlators (5.21) to have the right “order of magnitude” in a, one has to have either ⟨h, n|Φ_1|Ω⟩ | | |^{(ω)}_{(r,mq )} = O(1) and ⟨h, n|Φ2|Ω⟩ | | |^{(ω)}_{(r,mq )} = O(a) , (5.26) or ⟨h, n|Φ_1|Ω⟩ | |^{(ω)}_{(r,mq )} = O(a) and ⟨h, n|Φ2|Ω⟩ | |^{(ω)}_{(r,mq )} = O(1) . (5.27)

In case the inequality (5.24) holds, with η_{h,n} the parity of the state |h, n⟩, we will set

η_{h,n} = (−1)^{p1} . (5.28)

If viceversa the inequality (5.25) is satisfied, we will set

η_{h,n} = (−1)^{p2} . (5.29)

Notice that the conditions (5.24) and (5.25) are not difficult to analyze numerically in the scaling region, as one is comparing O(1) with O(a^2) quantities. For the same reason, sufficiently close to the continuum limit the value assigned to η_{h,n} will be independent from the choice of the operators Φ_1 and Φ_2 and the details of their lattice discretization. This must be so, if η_{h,n} has to be interpreted as the parity label for the state |h, n⟩^{(ω)}_{(r,mq )}.

We end with an observation about isospin. Although tm-LQCD breaks isospin, “partial” isospin labels that become conserved quantum numbers in the continuum limit can be attached to transfer matrix eigenstates. This possibility results from the fact that the

16We drop the momentum label k = 0 as it is of no relevance for the present argument.

– 31 – transformations P^{1,2}_F can be written in the form

P^{1,2}_F = P × T^{1,2} , (5.30)

where

T^{1,2} :

ψ_{ph} → e^{iπτ1,2 /2} ψ_{ph} ψ̄_{ph} → ψ̄_{ph} e−iπτ1,2 /2 (5.31)

are discrete isospin transformations.^{17} We remark that the combined transformation T^{1,2} × (ω → −ω) sends the action (4.18) into itself, just like the product P × (ω → −ω) does.

Eq. (5.30) proves our statement. In fact, as soon as a parity has been attributed to a state, definite values for the isospin labels associated to the discrete transformations T^{1,2} are in turn uniquely determined, as the transformations P^{1,2}_F are exact symmetries of the action (4.18).

5.4 Some observations about the practical use of tm-LQCD

In this section we want to address two important issues concerning the practical feasibility of numerical simulations within a lattice regularization which, like tm-LQCD, besides chiral symmetry, also breaks parity. The first has to do with the problem of taking the limit m_q → 0 and the second with the question of the scaling behaviour and the numerical importance of contributions with “wrong parity” to lattice correlators.

5.4.1 The limit m_q → 0 The subtleties of the limit m_q → 0 we have emphasized in the case of Wilson fermions show up also in the case of tm-LQCD. Their discussion does not reveal any new feature here and we refer the reader to section 3.1.3. In particular (in the presence of SχSB) to ensure that the chiral phase of the vacuum is determined by the quark mass term proportional to m_q, and not by the twisted Wilson term, it is necessary to work with lattice parameters satisfying the bound (3.13) in the unimproved case, or possibly under the weaker condition (3.14) if one is dealing with O(a) improved correlators. When these order of magnitude conditions are violated, cutoff effects on lattice observables may become numerically large. As discussed in section 3.1.3, it remains the fact that the continuum limit should in principle be taken before the chiral limit.

5.4.2 “Wrong parity” contributions The discussion of section 5.3 is relevant for the analysis of actual simulation data, where energy eigenvalues and operator matrix elements are evaluated (at finite lattice spacing a, usually for m_q ≠ 0) by parameterizing lattice expectation values in terms of a spectral representation. As a consequence of the breaking of parity at ω ≠ 0, contributions from states with both values of the parity label we have introduced above will appear in the spectral representation.

17While the transformations P^{1,2}_F have the form (4.11) in all the quark bases we have considered, P and T^{1,2} have only been reported in the text in the physical basis.

– 32 –

To illustrate the situation in a simple instance and show how one can possibly control these effects, let us consider the typical case of a two-point correlator with operators inserted at zero three-momentum

G_{ΦΞ}(t; ω, r, m_q ) = a^3 ∑ x ⟨Φ(x, t)Ξ^†(0, 0)⟩ | |^{(ω)}_{(r,mq )} (5.32)

with Φ and Ξ m.r. local operators having equal formal parity. From all we said in section 5.3 it should be clear that G_{ΦΞ} is even in ω. As for the matrix elements of the local operators between the vacuum and the eigenstates of the transfer matrix, there are two possibilities: 1) if the intermediate state in consideration has the same parity as the operators Φ and Ξ, both matrix elements are ω-even and O(1) in the continuum limit; 2) if the intermediate state has the opposite parity, the two matrix elements are ω-odd and vanish in the continuum limit at least as a. Thus “wrong parity” contributions, necessarily appearing in pairs, lead to O(a^2) (or higher) effects.

Arguments of this kind can be constructed for more complicated ω-even correlators, as for instance the three-point correlators with two of the operators inserted at zero threemomentum. As intermediate state projectors occur in pairs in the spectral representation, contributions from states of “wrong parity” (compared to the naively expected one), necessarily contain an even number of ω-odd matrix elements. Thus again states with “wrong parity” lead to contributions of O(a^2) or higher. When operators are inserted at non-vanishing three-momentum, the situation is governed by eq. (5.19). No new special problems arise due to the breaking of parity. Though a number of specific results could be derived on the subject, we will not pursue any further their discussion in this paper.

Notwithstanding all the control we have on “wrong parity” contributions, one should not forget that, if intermediate states with naively unexpected parity come into play, they cannot be ignored altogether, because some of them may have masses smaller, or not much larger, than the state(s) of interest for the problem under study. Thus, for some range of values of the relevant time separations, the contributions from states with “wrong parity” can be numerically non-negligible. In this situation, if one does not want to end up with intolerably large lattice discretization errors on the final result,^{18} a disentangling procedure of the type one is used to in the case of mixings among low-lying and excited states has to be carried out. This task requires the evaluation of several correlators differing among each other by the formal parity of the interpolating operators.

6. A special case: ω = ±π/2

The choice ω = ±π/2 (full twist) in the tm-LQCD action (4.18) is especially worth mentioning, because all quantities that are even under ω → −ω are O(a) improved with no need of any averaging. This result is a consequence of the fact that for the particular value ω = π/2 (or ω = −π/2) of the twisting angle a sign inversion of the latter is equivalent (mod (2π)) to a shift by π. This operation is in turn the same as inverting the sign of

18Non-large O(a^2) errors on physical quantities extracted from ω-even correlators are however perfectly tolerable.

– 33 – r. The quantities that are even in ω are hence also even in r. In this situation the two terms entering the Wilson average are just identical, therefore performing the average is unnecessary to get up O(a) improved lattice quantities.

The list of physical quantities that are automatically O(a) improved includes among others the following important physical quantities (see section 5.3)

1. hadronic masses

2. matrix elements ⟨h, n, 0|B|h^′, n^′, 0⟩|^{(±π/2)}_{(r,mq )} , of operators whose formal parity is equal to the product of the parities of the external states.

Actually one can prove more than that. One can prove that taking appropriate linear combinations of quantities computed with opposite values of the external momenta leads to O(a) improved lattice data. This observation is very important as it shows that O(a) improved energies and matrix elements can be obtained from simulations carried out within a single lattice regularization, i.e. without the need to consider averaging over simulations performed with opposite values of r.

6.1 O(a) improvement of energy eigenvalues and matrix elements

The O(a) improvement of averages of energy eigenvalues with opposite momenta at, say, ω = π/2 follows from the chain of equalities E_{h,n} ( k; π 2 , r, m_q ) = E_{h,n} ( k; − π 2 , −r, m_q ) = E_{h,n} ( −k; π 2 , −r, m_q ) , (6.1)

where the first equality is a consequence of the fact that (ω → ω + π) × (r → −r) = 1 and the second of eq. (5.15). The same result could be obtained by using the spurionic symmetry (only valid at ω = ±π/2) P × (r → −r).

At this point it is enough to observe that the W A formula for energy eigenvalues (analogous to the eq. (3.26) valid in the Wilson case) 1 2 [ E_{h,n} ( k; π 2 , r, m_q ) + [r → −r] ] = E^{cont}_{h,n} (k, m_q) + O(a^2) , (6.2)

becomes 1 2 [ E_{h,n} ( k; π 2 , r, m_q ) + [k → −k] ] = E^{cont}_{h,n} (k, m_q) + O(a^2) . (6.3)

Concerning the matrix elements of local operators between pairs of transfer matrix eigenstates at non-zero spatial momenta, we recall that we only have the relation (5.19) from which automatic O(a) improvement does not follow. Although improvement can always be achieved via W A, at the particular value of the twisting angle we are considering in this section there is the possibility of getting O(a) improved lattice matrix elements without the need of carrying out two separate computations. Consider, in fact, the linear combination ⟨h, n, k|B|h^′, n^′, k^′⟩ | | |^{(ω) sym} (r,m_q ) = = 1 2 [ ⟨h, n, k|B|h^′, n^′, k^′⟩ | |^{(ω)}_{(r,mq )} + η^B_{hn,h}′_n′ ⟨h, n, −k|B|h^′, n^′, −k^′⟩ | |^{(ω)}_{(r,mq )} ] . (6.4)

– 34 –

Thanks to eq. (5.19), this particular quantity is symmetric in ω, thus O(a) improved at ω = ±π/2. From the extension of eq. (3.31) to the tm-LQCD case with, say, ω = π/2 one can make contact with the continuum, obtaining ⟨h, n, k|B|h^′, n^′, k^′⟩ | |^( π 2 ) sym (r,m_q ) = 1 2 [ ⟨h, n, k|B|h^′, n^′, k^′⟩ | |^( π 2 ) (r,m_q ) + ⟨h, n, k|B|h^′, n^′, k^′⟩ | |^( π 2 ) (−r,m_q ) ]

= ζ^B_B (π 2 , r ) ⟨h, n, k|B|h^′, n^′, k^′⟩ | |^{cont}

(m_q )

+ O(a^2) , (6.5)

where in the first equality the spurionic symmetry P × (r → −r) has been used again.

Symanzik expansions too simplify noticeably at ω = ±π/2. Combining eqs. (5.3) with (5.6), one obtains for an operator of formal parity (−1)^p (eq. (5.5)) the set of relations ζ^{O(p)}_{O(p)} (π 2 , r )_{eq.(5.6)} = ζ^{O(p)}_{O(p)} ( − π 2 , r )_{eq.(5.3)} = ζ^{O(p)}_{O(p)} (π 2 , r )

ξ^{O(p)}_{O(p)} (π 2 , r )_{eq.(5.6)} = ξ^{O(p)}_{O(p)} ( − π 2 , r )_{eq.(5.3)} = −ξ^{O(p)}_{O(p)} (π 2 , r )

η^{O(p)}_{Oℓ} (π 2 , r )_{eq.(5.6)} = (−1)^{p+pℓ} η^{O(p)}_{Oℓ} ( − π 2 , r )_{eq.(5.3)} = −(−1)^{p+pℓ} η^{O(p)}_{Oℓ} ( π 2 , r ) . (6.6)

From the above equations one concludes that the coefficients ξ^{O(p)}_{O(p)} (±π/2) are vanishing and that the only operators, O_ℓ, which can contribute to the Symanzik expansion of ⟨O^{(p)}⟩|_{(±π/2,mq )} have p_ℓ = p + 1 mod (2), i.e. are those which are multiplied by Symanzik coefficients odd under a sign inversion of the twisting angle. This analysis confirms that the whole mass spectrum and all the matrix elements of local operators that are even under sign inversion of the twisting angle are automatically O(a) improved.

The same results could be obtained by noticing that the action (4.18) with ω = ±π/2 is invariant under the combined transformation^{19}

R_5 × P × (m_q → −m_q) . (6.7)

Analogously to what we did in sects. 3 and 5.1, to get eqs. (6.6) it is enough to equate the Symanzik expansions of the two sides of the equation ⟨O^{(p)}(x_1, x_2, . . . , x_n)⟩ | |^( π 2 ) (r,m_q ) = (−1)^{PR5 [O]+p}⟨O^{(p)}(x_{P 1}, x_{P 2}, . . . , x_{P n})⟩ | |^( π 2 ) (r,−m_q ) , (6.8)

which is obtained performing in the functional integral the change of integration variables induced by the transformation R_5 × P. At this point one has to make use of the parity and chirality properties of the continuum theory as well as the relation (3.11).

We wish to end this section by explicitly noting that, remarkably, the critical WD operator appearing in the fermion action (4.18) at ω = ±π/2 D^{(±π/2)} cr = 1 2 ∑ μ γ_μ(∇^⋆_μ + ∇_μ) ± iγ_5τ_3 ( a r 2 ∑ μ ∇^⋆_μ∇_μ − M_{cr}(r) ) (6.9)

is anti-hermitean, so its spectrum is purely imaginary. Consequently the full WD operator cannot have any vanishing eigenvalue as soon as m_q ≠ 0 (see eq. (4.20) at ω = ±π/2).

19This transformation is the product of R^{sp}_5 (which is valid for any ω) times P × (r → −r) (which only holds at ω = ±π/2).

– 35 –

6.2 An application: the computation of F_π

As an example of the peculiarity of the choice ω = ±π/2, we wish to discuss the computation of the pion decay constant, F_π. It was already pointed out in refs. [22, 19] that within the fully twisted formulation of LQCD F_π can be obtained from a conserved lattice current (i.e. one with trivial renormalization properties) and without O(a) cutoff effects, provided the lattice action is improved à la Symanzik. Here we restate this result in our notation and show that, in fact, in tm-LQCD with ω = ±π/2, there is no need to improve the action.

In the formal continuum theory F_π is defined by the equation^{20} ⟨Ω|Â^1_0|π⟩ | |^{cont}

(m_q ) = m_π √ 2F_π , (6.10)

with Â^1_0 the temporal component of the renormalized axial current, and can be extracted by evaluating at large times, e.g., the ratio (t > 0)

e^{mπ t/2} √ m_π a^3 ∑ x⟨Â^1_0(x, t)P^1(0)⟩ | |_{( π2 ,mq )} √ a^3 ∑ x⟨P^1(x, t)P^1(0)⟩ | | (^π_2 ,m_q ) t→∞→ F_π , (6.11)

where P^1 is the pseudo-scalar quark density operator. In (6.11) we did not multiply P^1 by its renormalization constant, because all Z_P factors would anyway drop out in the ratio. The isospin index has been set equal to 1, which corresponds to a charged pion. The reason for this choice is that in this way other contributing intermediate states are substantially heavier than the charged pion, including states with “wrong parity” (see the concluding remark in section 5.4.2).

Among the possible choices for the lattice (discretization of the) axial current to be used in eq. (6.11), the most naive one is to take the current Â^1_μ of eq. (4.25), which at ω_r = ω = π/2 simply becomes

Â^1_μ(x) = Z_V ψ̄_{ph}(x)τ^1 2 γ_μγ_5ψ_{ph}(x) . (6.12)

The operator Â^1_μ has a definite (positive) R_5-parity (in the sense of the definitions (2.6) or (3.2)). At the cost of a preliminary determination of Z_V , an O(a) improved estimate of F_π is then obtained with no need of averaging. We are, in fact, dealing with zero three-momentum correlators, which are even under a sign inversion of the twisting angle (section 5.3.2)).

A remarkable fact about the choice ±π/2 is that it is possible to get an O(a) improved estimate of F_π which requires neither Wilson averaging nor the computation of any

20Strictly speaking eq. (6.10) is not written in a completely correct way. To comply with eq. (3.5) (and always taking Fπ > 0) a factor equal to the sign of mq should appear in the r.h.s. As it is, eq. (6.10) is valid for mq > 0, given our conventions concerning the relative sign of the kinetic and mass terms in the fermionic action.

– 36 – renormalization factor. Let us, in fact, consider the 1-point split current [22, 19]

Â^1_μ(x) | |^{1−pt} = 1 2 [ ψ̄_{ph}(x)τ^1 2 γ_μγ_5U_μ(x)ψ_{ph}(x + aμ̂) +

+ ψ̄_{ph}(x + aμ̂) τ_1 2 γ_μγ_5U^†_μ(x)ψ_{ph}(x) ] + − r 2 [ ψ̄_{ph}(x)τ^2 2 U_μ(x)ψ_{ph}(x + aμ̂) − ψ̄_{ph}(x + aμ̂) τ_2 2 U^†_μ(x)ψ_{ph}(x) ] . (6.13)

The current (6.13) has similarly to the current (6.12) a definite (positive) R_5-parity. It is obtained from the eq. (4.8) with b = 2 by setting ω_r = π/2. With this choice the transformation (4.7) is an axial transformation with isospin index equal to 1. Since, as we remarked in section 4.1, this current is exactly conserved at m_q = 0, its renormalization constant is equal to 1.

The net result is that with the choice ω = ±π/2 of the twisting angle in the action (4.18) and the use of the (conserved) 1-point split current (6.13) one can get an automatically O(a) improved determination of F_π which furthermore does not require the computation of any renormalization constant. This is certainly a remarkable result, especially if one observes that no problems can occur with spurious fermionic modes, while the required computational effort is minimal.

7. Conclusions and outlook

In this paper we have shown that in LQCD with Wilson fermions it is possible to improve the approach to the continuum limit and the chiral behaviour of correlation functions of gauge invariant m.r. operators by taking arithmetic averages of pairs of correlators computed in theories regularized with Wilson terms of opposite sign and identical values of m_q (Wilson average), or equivalently the appropriate linear combination of the correlators computed in a given regularization but with opposite values of m_q (mass average). Improved hadronic masses and matrix elements can be similarly obtained by taking the Wilson average of the corresponding quantities computed in the two different regularizations, or the appropriate linear combination of quantities computed with opposite values of m_q.

To avoid the problems related to the nature of the spectrum of the WD operator we advocate the use of tm-LQCD for the actual computation of the correlators taking part to the averages. We have shown that all the nice cancellations of O(a) terms that we find in the standard Wilson case extend to tm-LQCD with mass degenerate quark doublets. Moreover, it turns out that, if the tm-LQCD formulation with |ω| = π/2 is employed, all hadronic energies and operator matrix elements can be evaluated with no O(a) lattice artifacts and without making recourse to W A’s, but taking (appropriate) linear combinations of quantities evaluated with opposite external momenta.

A striking, though still partial, confirmation of the validity of the approach outlined above and of the remarkable properties of tm-LQCD at |ω| = π/2 comes from the recent work of ref. [44], where a (quenched) study of the scaling behaviour of the pseudoscalar meson decay constant and the vector meson mass was carried out down to small values of

– 37 – β. Lattice results for these quantities at fixed pseudoscalar meson mass (∼ 700 MeV) show surprisingly small cutoff effects from β = 6.2 to β = 5.85. Furthermore a nice analytic check of automatic O(a) improvement of the pseudoscalar meson mass and decay constant in tm-LQCD at |ω| = π/2 has been obtained in lattice chiral perturbation theory by the authors of ref. [45].

Our presentation of tm-LQCD, which follows a perspective complementary to that of ref. [19], provides a simple understanding of the many simplifications that have been previously observed to occur at |ω| = π/2 [19]–[22], in the renormalization and O(a) improvement of the matrix elements of certain local operators, such as the isotriplet axial current or the isosinglet scalar density.

All the results we have obtained are based on the observation that M_{cr}(r) is odd under r → −r, the property (C.8) enjoyed by lattice and continuum correlators (see appendix C), as well as the behaviour of O(a) terms under the spurionic symmetry R^{sp}_5 (eq. (3.1)). Considerations of this kind can be generalized without any essential modification to the case of mass non-degenerate quark doublets [28]. The point will be further discussed in a forthcoming paper [29], where we deal with the strategy for computing the matrix elements of the (CP-conserving) effective weak Hamiltonian.

Before briefly illustrating the potential of the method we have presented in this paper for further physical applications, we wish to comment on two important, related aspects of our approach, namely its computational cost compared to other schemes and the problem of how to most effectively perform the statistical analysis of available simulation data.

7.1 Computational cost The computational cost of the approach we propose is in the worst case (i.e. if averaging is required) twice the typical one for simulations with unimproved standard Wilson fermions or tm-LQCD [20], and [46]–[49].

The gain offered by our strategy is, however, quite significant in practical terms, because the systematic removal of O(a) lattice artifacts, allowing a better control of cutoff effects, gives the possibility of working with coarser lattices than in the absence of improvement. This may lead to a dramatic reduction of the computational cost especially in the unquenched case, where CPU times have been estimated to increase like a^{−k} with k ≃ 7 [50]. In the quenched case, assuming “ideal” critical slowing down, one finds a similar behaviour with k = 5. It should be also mentioned that the efficiency of algorithms for simulations with dynamical fermions of the multi-boson type [51] is expected to significantly benefit from the absence of the SW term (1.1) in the lattice action.

7.2 Statistical analysis of simulation data A little thinking reveals that the most useful way to make use of simulation data depends on whether the fermionic determinant (4.20) (and hence the partition function) is invariant under r → −r (or equivalently under the shift ω → ω + π) or not.

If the determinant is not invariant under r → −r, the computation of Wilson averages requires to carry out two independent simulations leading to two different Markov chains of gauge configurations. The statistical analysis of the corresponding two sets of estimators,

– 38 –

{X_{j,r}} and {X_{j,−r}} (j = 1, . . . , N_{meas}), of the physical quantity X must be carried out separately. Only after this step has been completed, the Wilson average of the two mean values and the associated statistical error can be computed.

When the determinant is invariant, the whole functional measure is invariant too and only one Markov chain of configurations needs to be generated. In this situation the optimal procedure is to perform the Wilson average at the level of the individual (possibly “jackknived”) statistical estimators, X_{j,r}. This is done by first computing the averages

X^{W A}_j = 1 2 (X_{j,r} + X_{j,−r}) , j = 1, . . . , N_{meas} , (7.1)

and then going on with the standard statistical analysis of the N_{meas} Wilson averaged quantities X^{W A}_j .

As we already noticed, in all cases the extra computational effort necessary when averaging is required is not larger than a factor ∼ 2 as compared to the case of simulations with unimproved fermions. Most interestingly, this factor reduces essentially to 1 in the case of simulations with |ω| = π/2, because Wilson averaging is unnecessary.

From this discussion it emerges that the best strategy to deal with the unquenched theory is to “decouple” sea and valence quarks, by having all the sea quarks assembled in flavour doublets and regularized with twisting angles equal to ±π/2, while for valence quarks each flavour is introduced with the chiral phase of the Wilson term chosen so as to minimize the complexity of the mixing pattern of (valence) quark composite operators. Unlike what is usually done, here we are proposing to regularize sea and valence quarks with Wilson terms of not necessarily identical structure [29].

7.3 Outlook

The last considerations bring about the question of the computation of the matrix elements of the various (valence) quark operators that are of interest for physical applications, like, for instance, the chiral order parameter and the matrix elements of the effective weak hamiltonian, H_{eff} . In particular for the CP-conserving sector of H_{eff} we will show in [29] that, with a clever choice of the twisting angle entering the Wilson term of the different valence quarks, it is possible at the same time to have O(a) improvement and to get rid of all the “wrong chirality” mixings. The virtue of tm-LQCD in simplifying the mixing pattern of CP-conserving four fermion operators in both the ΔS = 2 and the ΔS = 1 sector was already observed in refs. [19] and [24], respectively. Besides achieving O(a) improvement, we will prove [28, 29] that mass non-degenerate sea quarks can be regularized so as to also have the resulting fermionic determinant real and positive.

We would like to close this list of applications by mentioning another important case, where the strategy advocated in this work can be of help. This is the computation of the decay constants, semi-leptonic form factors and masses of heavy-light mesons, which has been recently shown to be feasible with relativistic O(a) improved c [52] and, even, b [53] quark, by making recourse in the last case to a clever use of finite size scaling techniques to bridge the gap between the largely different scales present in the problem.

– 39 –

Acknowledgments

We would like to thank R. Sommer for many useful suggestions and M. Testa for an illuminating discussion. We thank M. Della Morte for his help in preliminary numerical tests of ideas developed in this paper and several discussions. Discussions with L. Giusti, A. Pelissetto and A. Vladikas are also acknowledged. This work was supported in part by the European Community’s Human Potential Programme under contract HPRN-CT-2000- 00145, Hadrons/Lattice QCD.

A. Improving axial Ward-Takahashi identities

In this appendix for illustrative purposes we discuss in full detail the improvement of the flavour non-singlet axial WTI’s in the framework of the standard Wilson formulation.

From the action (2.2) one derives the lattice identity ⟨∂^⋆_μA^b_μ(x)P^b(0)⟩ | | (r,M_0)

= 2M_0⟨P^b(x)P^b(0)⟩ | | (r,M_0)

+ ⟨X^b(x)P^b(0)⟩ | | (r,M_0)

x ≠ 0 , (A.1)

where ∂^⋆_μ is the discretized backward derivative.^{21}. The lattice expressions of ∂^⋆_μA^b_μ and X^b, whose explicit form we do not need here, can be found in ref. [4]. A^b_μ and P^b are the axial current and the pseudo-scalar quark density (eq. (2.15)), respectively. To be concrete the inserted operator in (A.1) was taken to be the pseudo-scalar quark density. It would not be difficult to generalize the arguments that follow by considering the insertion of a more general m.r. operator with definite γ_5-chirality.

In ref. [4] it is shown how one can recover from (A.1) the continuum WTI. Indeed, (A.1) can be renormalized to yield Z_A(r)⟨∂^⋆_μA^b_μ(x)P^b(0)⟩ | | (r,M_0)

= 2[M_0 − M̄(r, M_0)]⟨P^b(x)P^b(0)⟩ | | (r,M_0)

+ O(a) x ≠ 0 . (A.2) The two sides of eq. (A.2) possess a well defined continuum limit, as soon as they are multiplied by a suitable (logarithmically divergent) renormalization constant (i.e. the renormalization constant of the pseudo-scalar quark density), if the quantities Z_A and M̄ are set to their appropriate values. Comparing the expression (A.2) with the form of the continuum WTI ⟨∂_μÂ^b_μ(x)P̂^b(0)⟩ = 2m̂_q⟨P̂^b(x)P̂^b(0)⟩ , (A.3) one concludes that Z_A is the renormalization constant of the lattice axial current and the critical mass is the value of M_0 which solves the equation M_0 = M̄(r, M_0). We note incidentally that from the transformation properties of the various terms in eqs. (A.1) and (A.2) under R_5, one can infer the relations

Z_A(r) = Z_A(−r) , (A.4) M̄(r, M_0) = −M̄(−r, −M_0) . (A.5)

21For notational simplicity we write formulae with derivatives inside expectation values. It is, however, always understood that derivatives have to be thought as acting outside. As in the main text, we indicate nowhere the dependence upon the bare coupling constant, g^2_0 , unless necessary to remove possible ambiguities.

– 40 –

Eqs. (A.4) and (A.5) confirm the result that the renormalization constant of a multiplicative renormalizable operator is generally even under r → −r (see section 3.3), while the critical mass is odd (eq. (2.7)).

The relations between the renormalized continuum quantities indicated with the symbol ^ in eq. (A.3) and the corresponding bare lattice ones are

Â^b_μ = Z_AA^b_μ (A.6) P̂^b = Z_P P^b (A.7)

m̂_q = z_mZ^{−1}_P (M_0 − M_{cr}) = Z^{−1}_{S0} m_q , (A.8)

where Z_S0 is the multiplicative renormalization constant of the (subtracted) isosinglet scalar quark density and

z_m(r) = 1 − ∂M̄ (r, M_0) ∂M_0 | | M_0=M_{cr}(r)

. (A.9)

The last equality in eq. (A.8) follows from the identity

z_m = Z_P Z_S0

, (A.10)

proved in ref. [39].

As we argued in the text, in order to discuss the issue of improvement one has to make reference to the notion of effective theory introduced by Symanzik and use the related Symanzik expansion of lattice correlators in terms of correlators of the continuum theory. Recalling the analysis carried out in ref. [8], one gets up to O(a) corrections the explicit expansions (x ≠ 0)

⟨P^b(x)P^b(0)⟩ | |_{(r,mq )} = [ζ^{P P}_{P P} (r) + amqξ^{P P}_{P P} (r)]⟨P^b(x)P^b(0)⟩ | |^{cont}_{(mq )} +

+ a η^{P P}_{SW}(r)⟨P^b(x)P^b(0) ∫ d^4y L_{SW}(y)⟩ | |^{cont}_{(mq )} +

+ am_q η^{P P}_{F F} (r)⟨P^b(x)P^b(0) ∫ d^4y F F (y)⟩ | |^{cont}

(m_q ) + + am^2_q η^{P P}_{ψ̄ψ} (r)⟨P^b(x)P^b(0) ∫ d^4y ψ̄ψ(y)⟩ | |^{cont}

(m_q )

+ O(a^2) , (A.11)

⟨ ~∂_μA^b_μ(x)P^b(0)⟩ | |_{(r,mq )} = [ζ^{AP}_{AP} (r) + amqξ^{AP}_{AP} (r)]⟨∂μA^b_μ(x)P^b(0)⟩ | |^{cont}_{(mq )} + + a η^{AP}_{P P} (r)⟨∂_μ∂_μP^b(x)P^b(0)⟩ | |^{cont}

(m_q ) + + a η^{AP}_{SW}(r)⟨∂_μA^b_μ(x)P^b(0) ∫ d^4y L_{SW}(y)⟩ | | |^{cont}_{(mq )} +

+ am_q η^{AP}_{F F} (r)⟨∂_μA^b_μ(x)P^b(0) ∫ d^4y F F (y)⟩ | |^{cont}_{(mq )} +

+ am^2_q η^{AP}_{ψ̄ψ} (r)⟨∂_μA^b_μ(x)P^b(0) ∫ d^4y ψ̄ψ(y)⟩ | |^{cont}_{(mq )} + O(a^2) ,(A.12)

– 41 – where F F is a shorthand for Tr[F_{μν} F_{μν} ] and

L_{SW}(x) = ψ̄ i 4 σ_{μν} F_{μν} ψ(x) . (A.13)

To avoid trivial O(a) effects we have replaced the backward lattice derivative of eq. (A.1) with the symmetric one, ~∂_μ ≡ (∂_μ + ∂^⋆_μ)/2. As in the text, by slightly changing the notation employed in eqs. (A.1) and (A.2), we have indicated the parameters that specify the fermionic action using, besides r, the excess quark mass, m_q = M_0 − M_{cr}, instead of M_0. In order to get the Symanzik expansions in the form given above, use has been made of the equations of motion and the continuum WTI (A.3) in the r.h.s. of eqs. (A.11) and (A.12).

As explained in the text (section 3), the coefficients ζ, ξ and η are all finite functions of r and g^2_0 and are necessary to match the lattice correlators on the l.h.s. to the continuum Green functions on the r.h.s. of eqs. (A.11) and (A.12). There is an obvious correspondence between the appearance of the terms with the coefficients ξ and η in front in the above Symanzik expansions and the need to introduce the coefficients c_{SW}, b_m, b_g and c_A, b_A, b_P to improve the action and the operators A^b_μ, P^b.

Even in the limit of vanishing lattice spacing, eqs. (A.11) and (A.12) have a logarithmically divergent a-dependence which can be easily disposed of by multiplying the two sides of the equations by the appropriate renormalization constants.

We remark that in the expansions (A.11) and (A.12), besides correlators of genuine multi-local operators (“fully localized operators” in the following), one has also to include terms where the multi-local operator under consideration (be it P^b(x)P^b(0) or ~∂_μAb_μ(x)P b(0)) is inserted together with space-time integrated local densities. The former are related to the improvement of the various local factors making up the operator in the l.h.s., while the latter owe their origin from the need to improve the action [8]. Integrated terms require a little discussion, as the integration variable, y, will inevitably hit the points where the bi-local (in the present instance) operator in consideration is localized (i.e. x and 0). To analyze the situation one may imagine to split the space-time integral in three different regions: one around x, a second one around 0 plus the rest. Terms coming from integration regions concentrated around the points x and 0 can be shown, by an analysis based on the O.P.E., to lead to O(a) contributions of the same form as those of the fully localized multi-local operators already present in the expansion. They only have the effect of redefining the corresponding Symanzik coefficients. The integration over the remaining portion of the space-time is finite and gives rise to genuine O(a) contributions.

Starting from the expansions (A.11) and (A.12), there are two equivalent ways to construct O(a) improved lattice quantities, which we now want to make fully explicit: the Wilson average and the mass average method.

A.1 The Wilson average method Under the change of variables (1.3), we obtain the lattice formulae (valid for any value of a) ⟨P^b(x)P^b(0)⟩ | | (r,M_0)

= ⟨P^b(x)P^b(0)⟩ | | (−r,−M_0) (A.14)

– 42 –

⟨ ~∂_μA^b_μ(x)P^b(0)⟩ | |_{(r,M0)} = −⟨ ~∂μA^b_μ(x)P^b(0)⟩ | |_{(−r,−M0)} . (A.15)

Using (2.7), these relations can be rewritten, with the same little abuse of notation as before, in the more expressive form

⟨P^b(x)P^b(0)⟩ | |_{(r,mq )} = ⟨P^b(x)P^b(0)⟩ | |_{(−r,−mq )} (A.16) ⟨ ~∂_μA^b_μ(x)P^b(0)⟩ | |_{(r,mq )} = −⟨ ~∂μA^b_μ(x)P^b(0)⟩ | |_{(−r,−mq )} . (A.17) To write down the equations that are obtained from the expansions (A.11) and (A.12) when both r and m_q change sign we refer to the analysis presented after eq. (3.4) in section 3.

For completeness we list below the obvious parities of the continuum correlators appearing in the r.h.s. of eqs. (A.11) and (A.12) under m_q → −m_q, which are implied by the transformation (1.3):

⟨P^b(x)P^b(0)⟩ | |^{cont}_{(mq )} even (A.18)

⟨P^b(x)P^b(0) ∫ d^4y L_{SW}(y)⟩ | |^{cont}_{(mq )} odd (A.19)

⟨P^b(x)P^b(0) ∫ d^4y F F (y)⟩ | |^{cont}_{(mq )} even (A.20)

⟨P^b(x)P^b(0) ∫ d^4y ψ̄ψ(y)⟩ | |^{cont}

(m_q )

odd (A.21)

⟨∂_μA^b_μ(x)P^b(0)⟩ | |^{cont}_{(mq )} odd (A.22)

⟨∂_μ∂_μP^b(x)P^b(0)⟩ | | |^{cont}_{(mq )} even (A.23)

⟨∂_μA^b_μ(x)P^b(0) ∫ d^4y L_{SW}(y)⟩ | |^{cont}_{(mq )} even (A.24)

⟨∂_μA^b_μ(x)P^b(0) ∫ d^4y F F (y)⟩ | |^{cont}_{(mq )} odd (A.25)

⟨∂_μA^b_μ(x)P^b(0) ∫ d^4y ψ̄ψ(y)⟩ | |^{cont}

(m_q )

even (A.26)

Using equations from (A.18) to (A.21), the identity (A.16) leads to the relations

ζ^{P P}_{P P} (r) = ζ^{P P}_{P P} (−r) , (A.27)

am_q [ξ^{P P}_{P P} (r) + ξ^{P P}_{P P} (−r)]⟨P^b(x)P^b(0)⟩ | |^{cont}

(m_q ) + +a [η^{P P}_{SW}(r) + η^{P P}_{SW}(−r)]⟨P^b(x)P^b(0) ∫ d^4y L_{SW}(y)⟩ | | |^{cont}_{(mq )}+

+am_q [η^{P P}_{F F} (r) + η^{P P}_{F F} (−r)]⟨P^b(x)P^b(0) ∫ d^4y F F (y)⟩ | |^{cont}_{(mq )}+

+am^2_q [η^{P P}_{ψ̄ψ} (r) + η^{P P}_{ψ̄ψ} (−r)]⟨P^b(x)P^b(0) ∫ d^4y ψ̄ψ(y)⟩ | |^{cont}_{(mq )} = 0 (A.28)

– 43 – from terms of O(a^0) and O(a), respectively. Similarly, using equations from (A.22) to (A.26), the identity (A.17) leads to the relations

ζ^{AP}_{AP} (r) = ζ^{AP}_{AP} (−r) , (A.29) am_q [ξ^{AP}_{AP} (r) + ξ^{AP}_{AP} (−r)]⟨∂_μA^b_μ(x)P^b(0)⟩ | |^{cont}

(m_q ) + +a [η^{AP}_{P P} (r) + η^{AP}_{P P} (−r)]⟨∂_μ∂_μP^b(x)P^b(0)⟩ | |^{cont}_{(mq )}+

+a [η^{AP}_{SW}(r) + η^{AP}_{SW}(−r)]⟨∂_μA^b_μ(x)P^b(0) ∫ d^4y L_{SW}(y)⟩ | |^{cont}

(m_q ) + +am_q [η^{AP}_{F F} (r) + η^{AP}_{F F} (−r)]⟨∂_μA^b_μ(x)P^b(0) ∫ d^4y F F (y)⟩ | |^{cont}

(m_q ) + +am^2_q [η^{AP}_{ψ̄ψ} (r) + η^{AP}_{ψ̄ψ} (−r)]⟨∂_μA^b_μ(x)P^b(0) ∫ d^4y ψ̄ψ(y)⟩ | | |^{cont}_{(mq )} = 0 . (A.30)

From the above four equations one immediately comes to the conclusion that the average of correlators computed with lattice actions having Wilson terms of opposite signs and the same value of m_q = M_0 − M_{cr} are free of O(a) discretization effects. In formulae one gets, in fact 1 2 [ ⟨P^b(x)P^b(0)⟩ | |_{(r,mq )} + ⟨P^b(x)P^b(0)⟩ | |_{(−r,mq )} ] = ζ^{P P}_{P P} (r)⟨P^b(x)P^b(0)⟩ | |^{cont}_{(mq )} + O(a^2) ,

(A.31) 1 2 [ ⟨ ~∂_μA^b_μ(x)P^b(0)⟩ | | (r,m_q ) +⟨ ~∂_μA^b_μ(x)P^b(0)⟩ | | (−r,m_q ) ] = ζ^{AP}_{AP} (r)⟨∂_μA^b_μ(x)P^b(0)⟩ | |^{cont}

(m_q )

+O(a^2) .

(A.32)

Though unnecessary to obtain the improved formulae (A.31) and (A.32), we observe that the vanishing of the sum of terms in eqs. (A.28) and (A.30) for arbitrary values of x implies that all the Symanzik coefficients η and ξ are odd functions of r.

A.2 The mass average method An equivalent way of getting O(a) improved lattice data from standard Wilson simulations consists in comparing the two sets of formulae that are obtained by only changing sign to m_q in eqs. (A.11) and (A.12). Taking into account the γ_5-chirality properties of the continuum correlators listed in eqs. (A.18) to (A.21) and (A.22) to (A.26), it is immediate to verify that lattice correlators computed with fixed value of r and opposite excess quark mass, m_q = M_0 − M_{cr}, if linearly combined with a relative sign equal to the R_5-parity of the multi-local lattice operator under consideration, yield quantities that are free of O(a) discretization effects. In the case at hand one gets 1 2 [ ⟨P^b(x)P^b(0)⟩ | |_{(r,mq )} + ⟨P^b(x)P^b(0)⟩ | |_{(r,−mq )} ] = ζ^{P P}_{P P} (r)⟨P^b(x)P^b(0)⟩ | |^{cont}_{(mq )} + O(a^2) ,

(A.33) 1 2 [ ⟨ ~∂_μA^b_μ(x)P^b(0)⟩ | | (r,m_q ) −⟨ ~∂_μA^b_μ(x)P^b(0)⟩ | | (r,−m_q ) ] = ζ^{AP}_{AP} (r)⟨∂_μA^b_μ(x)P^b(0)⟩ | |^{cont}

(m_q )

+O(a^2) .

(A.34)

– 44 –

Eqs. (A.33) and (A.34) are perfectly equivalent to eqs. (A.31) and (A.32), respectively, as it is immediately seen by using the lattice identities

⟨P^b(x)P^b(0)⟩ | |_{(r,−mq )} = ⟨P^b(x)P^b(0)⟩ | |_{(−r,mq )} (A.35) −⟨ ~∂_μA^b_μ(x)P^b(0)⟩ | |_{(r,−mq )} = ⟨ ~∂μA^b_μ(x)P^b(0)⟩ | |_{(−r,mq )} , (A.36)

which are direct consequences of (A.16) and (A.17).

B. Reflection positivity and transfer matrix

In the continuum euclidean theory the Wightman reconstruction theorem is based on the axiom of reflection positivity [34], i.e. on the existence of an anti-linear operator, Θ, which transforms an arbitrary functional of the fields, F_+, with support in a region, R, of the half-space t > 0 into a functional, ΘF_+, with support in the reflected region, θR (with the definition θx = θ(x, t) = (x, −t)), such that

⟨F_+ ΘF_+⟩ ≥ 0 . (B.1)

This condition implies the existence of a positive definite, self-adjoint hamiltonian. For a gauge theory the theorem is proved by choosing the gauge A_0 = 0 (temporal gauge).

A similar theorem holds on the lattice [35, 36, 37]. However, one has to distinguish between link and site reflection positivity. The associated reflection operations act differently on lattice points: the former, θ_ℓ, refers to reflection across a hyperplane which cuts time links in half (e.g. the links (x, 0) − (x, a)), while the latter, θ_s, to reflection across a time hyperplane which passes through sites (e.g. the sites (x, 0)). Explicitly in the above examples one has θ_ℓ(x, t) = (x, −t + a) θ_s(x, t) = (x, −t) . (B.2) The validity of both site reflection positivity (eq. (B.1) with Θ = Θ_s) and link reflection positivity (eq. (B.1) with Θ = Θ_ℓ) is a sufficient condition for the existence of an hermitean positive lattice (single-link) transfer matrix. Viceversa, if such a transfer matrix exists, one can prove that both types of reflection positivity hold. If only one kind of reflection positivity is valid (e.g. link reflection positivity, which typically holds under weaker conditions on the action parameters than site reflection positivity) one can still prove the existence of a positive transfer matrix acting over a time translation of two lattice sites (to be interpreted as the square of the single-link transfer matrix). Naturally in the limit a → 0 the condition of link (or site) reflection positivity alone is perfectly sufficient to extract continuum physics from lattice data.

As in the continuum theory all these statements are proved in the temporal gauge, which in the lattice corresponds to set all the link variables associated to temporal links equal to the identity element of the gauge group (except at one set of links, which can be conveniently chosen to be (x, 0) − (x, a)).

For completeness we report the explicit action of the anti-linear reflection operation on the fundamental fields of the theory. Θ_s and Θ_ℓ act on ψ̄(x), ψ(x) and U_μ(x) in the same way, the only difference is how the arguments they depend on get reflected. With

– 45 – the subscript_s or_ℓ understood one has^{22} Θ[U_0(x)] = U^T_0 (θx − a^0) , Θ[U_k(x)] = U^∗_k (θx) , k = 1, 2, 3 (B.3) Θ[ψ(x)] = ψ̄(θx)γ_0 , Θ[ψ̄(x)] = γ_0ψ(θx) (B.4) and on monomials of fermionic fields Θ[f(U)ψ(x_1) · · · ψ̄(x_n)] = f^⋆(Θ[U])Θ[ψ̄(x_n)] · · · Θ[ψ(x_1)] , (B.5) f(U) being a functional of link variables only. As usual the definition Φ^†(θx) ≡ Θ[Φ(x)] (B.6) is employed in this work.

B.1 Site reflection positivity for Wilson fermions In ref. [38] it was proved that site reflection positivity holds for Wilson fermions, provided |8r + 2aM_0| > 6 , r = 1 . (B.7) The explicit construction of the transfer matrix of the lattice theory was carried out in ref. [54].

The proof of site reflection positivity given in [38] for r = 1 can be extended to r = −1 by noting that Θ_s commutes with R_5. In fact, let F_+(ψ̄, ψ, U) be a functional of the field variables defined at positive euclidean times. Consider the expectation value ⟨F_+ Θ_sF_+⟩. The change of integration variables induced by the transformation (1.3) leads to the relation ⟨F_+(ψ̄, ψ, U) Θ_sF_+(ψ̄, ψ, U)⟩ | |_{(−1,M0)} = = ⟨F_+(−ψ̄γ_5, γ_5ψ, U) Θ_sF_+(−ψ̄γ_5, γ_5ψ, U)⟩ | | (1,−M_0)

. (B.8)

Thanks to reflection positivity which holds for r = 1, one concludes that the r.h.s. of eq. (B.8) is non-negative, provided (eq. (B.7) with M_0 → −M_0) |8 − 2aM_0| > 6 . (B.9) The inequality (B.9) is precisely the condition (B.7), only written for r = −1. This shows that Wilson fermions obey site reflection positivity for both r = 1 and r = −1 under the condition |8r + 2aM_0| > 6 , r = ±1. Link reflection positivity was discussed in section 2.3.

22In the two argument notation Uμ(x) ≡ U(x, x + aμ̂) the action of Θ reads Θ[U(x, y)] = U^∗(θx, θy), y = x + aμ̂.

– 46 –

B.2 Site reflection positivity for tm-LQCD The situation for tm-LQCD is similar to that of the standard Wilson theory summarized above. The validity of site reflection positivity was indirectly proved in [21], where along the lines of the work of ref. [54] the transfer matrix for the action (4.15) was constructed under the condition (ω = ω_m + ω_r) |8r + 2aM_{cr}(r) + 2am_q cos ω| > 6 , r = 1 . (B.10) From this result the validity of site reflection positivity for the form (4.18) of the tm- LQCD action can be proved by noting that Θ_s commutes with the chiral fermion field transformation (4.3). One finds, in fact, under the condition (B.10)

⟨F_+(ψ̄_{ph}, ψ_{ph}, U) Θ_sF_+(ψ̄_{ph}, ψ_{ph}, U)⟩ | |^{(ωr =ω, ωm=0)} (r,m_q ) = = ⟨F_+(ψ̄, ψ, U) Θ_sF_+(ψ̄, ψ, U)⟩ | |^{(ωr =0, ωm=ω)} (r,m_q ) ≥ 0 (B.11)

with ψ = e^{−iωγ5 τ3/2}ψ_{ph} ψ̄ = ψ̄_{ph}e^{−iωγ5 τ3/2} , (B.12) where the last inequality follows from the validity of site reflection positivity for the action (4.15).

C. Proof of eq. (3.11) In this Appendix we want to show that the γ_5-chiralities of the operators appearing in the Symanzik expansion (3.3), or in the analogous expansion (5.1) if tm-LQCD is employed, satisfy the equation P_{R5} [O] + P_{R5} [O_ℓ] + n_ℓ = 1 mod (2) . (C.1) Eq. (C.1) is an immediate consequence of the dimensional relation (3.4) and the formula P_{R5} [O] + d[O] = P_{R5} [O_ℓ] + d[O_ℓ] mod (2) , (C.2) which we prove below. From these equations one gets, in fact, successively P_{R5} [O] +P_{R5} [O_ℓ] + n_ℓ = P_{R5} [O] + d[O] +P_{R5} [O_ℓ] − d[O_ℓ] + 1 = P_{R5} [O] + d[O] −P_{R5} [O_ℓ] − d[O_ℓ] + 1 mod (2) = 1 mod (2) . (C.3) In order to prove eq. (C.2) we note that with the definition Δ_5[O] = P_{R5} [O] + d[O] (C.4) eq. (C.2) becomes Δ_5[O] − Δ_5[O_ℓ] = 0 mod (2) . (C.5) Eq. (C.5) is a direct consequence of the following symmetry considerations.

– 47 –

1. The Wilson and tm-LQCD actions (eqs. (2.2) and (4.18), respectively), and a fortiori the formal continuum action, are invariant under the combined transformation R_5 × D_d, where^{23}

D_d : U_μ(x) → U^†_μ(−x − aμ̂) ψ(x) → e^{3iπ/2}ψ(−x) ψ̄(x) → e3iπ/2ψ̄(−x) . (C.6)

The invariance of the pure gauge part of the action is obvious. For the fermionic part invariance follows by first noting that under D_d (recall the definitions (2.3)) ψ̄(x) ∑ μ γ_μ(∇_μ + ∇^∗_μ)ψ(x) → ψ̄(−x) ∑ μ γ_μ(∇_μ + ∇^∗_μ)ψ(−x) ψ̄(x) ∑ μ ∇^∗_μ∇_μψ(x) → − ψ̄(−x) ∑ μ ∇^∗_μ∇_μψ(−x) ψ̄(x)ψ(x) → − ψ̄(−x)ψ(−x) . (C.7) The minus sign in front of the chirally non-invariant terms is compensated by the transformation R_5. Finally the space-time arguments are brought back to their initial values by the trivial change of space-time integration variables −x → x in the action. In the formal continuum theory an analogous argument goes through. In fact, the continuum version of the transformation D_d, besides changing the sign of all the space-time coordinates, has simply the effect of multiplying each local term L_i in the action density by the factor (−1)^{d[Li]}, where d[L_i] is the naive dimension of L_i.

2. Performing the change of functional integration variables induced by the transformation R_5 × D_d, one can prove that the lattice correlators of the type we are interested in obey the formula ⟨O(x_1, x_2, . . . , x_n)⟩ | |^{(ω)}_{(r,mq )} = (−1)^{Δ5 [O]}⟨O(−x1, −x2, . . . , −xn)⟩ | |^{(ω)}_{(r,mq )} (C.8)

with ω = 0 in the case of the standard Wilson action (2.2). The relation (C.8) directly follows from our definition of Δ_5 (eq. (C.4)) and the way D_d (eq. (C.6)) acts on the fundamental fields in O.

Similarly, all continuum operators contributing to the Symanzik expansions (3.3) or (5.1) of the expectation value of O(x_1, x_2, . . . , x_n) must obey eq. (C.8) with a value of Δ_5 equal (mod (2)) to that of O. In other words all terms in the Symanzik expansion of O must have the same (−1)^{Δ5} -parity as O. This is just our thesis, eq. (C.5).

D. Discretization effects in the determination of M_{cr}

In this appendix we want to show that O(a) discretization effects in the determination of M_{cr}(r) do not jeopardize the proof of O(a) improvement of averaged correlators given in the text. We give the proof in the case of standard Wilson fermions. The generalization to tm-LQCD is straightforward.

23In this appendix, for notational uniformity, we will always denote the quark fields by ψ and ψ̄ (as in eq. (2.2)), even when we refer to the tm-LQCD action (4.18).

– 48 –

D.1 The problem

In PT the analytic dependence of lattice correlators on a is completely and explicitly computable. Thus an unambiguous expression of M_{cr}(r) can be given to any order in g^2_0 . The situation is different non-perturbatively. An estimate of M_{cr}(r) can be obtained by using, for instance, PCAC or the observation that (in the presence of SχSB) the pion mass is expected to vanishes at the chiral point (modulo cutoff effects, see section 2.2). If the the pion mass is employed to determine M_{cr}(r), one has to proceed by extracting from the large t behaviour of the two-point correlator^{24}

G_π(t; r, M_0) = a^3 ∑ x ⟨P^b(x, t)P^b(0)⟩ | |_{(r,M0)} , (D.1)

a lattice measurement of the pion mass, m_π(r, M_0). A sensible estimate of the critical mass, which will be referred to as M^{e1}_{cr} (r) and obeys

M^{e1}_{cr} (r) = −M^{e1}_{cr} (−r) , (D.2)

can thus be obtained as discussed in section 2.2.

If PCAC (see e.g. eq. (A.2)) is employed to measure M_{cr}(r), one would get another, equally good, non-perturbative estimate of it, say M^{e2}_{cr} , given by the solution of the equation

M̄(r, M^e2_{cr} (r)) − M^e2_{cr} (r) = 0 . (D.3)

The new estimate is again odd in r (see eq. (A.5)).

For the sake of this argument we may summarize the situation by formally writing for any such estimate M^e_{cr}(r) = M_{cr}(r) + δ^e(r) , (D.4)

with δ^e(r) = −δ^e(−r) = O(a) . (D.5)

The difference M_{cr}(r) − M^e_{cr}(r) is obviously odd under r → −r, because M_{cr}(r) as well as anyone of its estimates is odd in r (see section 2).

The problem we want to address is whether O(a) ambiguities in the knowledge of the critical mass can invalidate the argument for O(a) improvement developed in section 3 leading to eqs. (3.9) and (3.12) (or to the similar ones valid in the case of tm-LQCD). We show below that eqs. (D.4) and (D.5) are indeed all is needed for eqs. (3.9) and (3.12) to be valid.

This result should not come as a surprise, since effectively we are here merely claiming that all the O(a) cutoff effects, which generically are present before averaging, get canceled in W A’s of correlators and derived quantities. Among these cutoff effects there are, indeed, also those arising from O(a) errors on M_{cr}(r). They are not in any sense special and actually stem from the presence of O(a) cutoff effects in the correlators employed to estimate the value of the critical mass.

24In this appendix we label lattice expectation values by using, besides r, the bare quark mass. As in the rest of the paper, the ubiquitous g^2_0 dependence is understood.

– 49 –

D.2 The proof

Once the values of r (> 0), g^2_0 and the bare lattice mass M_0 = M^+_0 are chosen, the Symanzik expansion of the expectation value of the operator O takes the form (see eq. (3.3) in section 3) ⟨O⟩ | | (r,M^+_0 )

= [ζ^O_O (r) + am^+_q ξ^O (r)]⟨O⟩ | |^{cont}

(m^+_q ) + a ∑ ℓ (m^+_q )^{nℓ} η^O_ℓ (r)⟨O_ℓ⟩ | |^{cont}

(m^+_q )

+ O(a^2) , (D.6)

where m^+_q ≡ M^+_0 − M_{cr}(r) (D.7)

is the continuum mass at the subtraction point a^{−1}. m^+_q is defined in terms of the (unknown) value of the critical mass, M_{cr}(r).

We want to average this expectation value with the similar expression obtained by changing sign to r and adjusting M_0 to a suitable value, M_0 → M^−_0 , such that all O(a) terms cancel in the sum. We have shown in section 3 that this is indeed possible with the choice M^−_0 − M_{cr}(−r) = M^+_0 − M_{cr}(r) = m^+_q . (D.8)

The “practical” problem with this prescription is that, as we just recalled, one can only get an “estimate”, M^e_{cr}(r), of the critical mass with the properties summarized in eqs. (D.4) and (D.5).

Now the question is: given M^+_0 , which value of the bare lattice mass do we have to take in practice, when we go over to −r, in order to get rid of O(a) terms?

Clearly the only possible answer (and, as we shall see, the right one) is to consider the expectation value of O computed with −r and a bare mass, M^{′−}_0 , given by

M^{′−}_0 ≡ M^+_0 − M^e_{cr}(r) + M^e_{cr}(−r) = M^+_0 − 2M^e_{cr}(r) , (D.9)

where the last equality follows from the r-parity properties of M^e_{cr}(r). The Symanzik expansion of ⟨O⟩|_{(−r,M ′}−_{0 )} takes the form ⟨O⟩ | |_{(−r,M ′−0 )} = [ζ^O_O (−r) + am^−_q ξ^O (−r)]⟨O⟩ | |^{cont}_{(m−q )} + a ∑ ℓ (m^−_q )^{nℓ} η^O_ℓ (−r)⟨O_ℓ⟩ | |^{cont}_{(m−q )} + O(a^2) ,

(D.10) with the definition m^−_q = M^{′−}_0 − M_{cr}(−r) . (D.11)

For future use we note the chain of equalities

m^−_q = M^{′−}_0 − M_{cr}(−r) = M^+_0 − 2M^e_{cr}(r) − M_{cr}(−r) = M^+_0 − 2M^e_{cr}(r) + M_{cr}(r) = M^+_0 − M_{cr}(r) − 2δ^e(r) = m^+_q − 2δ^e(r) , (D.12)

where eqs. (D.9), (D.4) and (D.5) have been employed.

– 50 –

Clearly the O(a) mismatch between M^−_0 (eq. (D.8)) and M^{′−}_0 (eq. (D.9)), as well as that between m^+_q and m^−_q matters only for the first term of the expansions (D.6) and (D.10), because all the other terms have an explicit factor of a in front of them. Thus summing (D.6) and (D.10) all O(a) contributions that are multiplied by the (r odd) Symanzik coefficients ξ and η cancel and we get (see eq. (3.7)) ⟨O⟩ | | (r,M^+_0 ) + ⟨O⟩ | | (−r,M^{′−}_0 ) = ζ^O_O (r) [ ⟨O⟩ | |^{cont}

(m^+_q ) + ⟨O⟩ | |^{cont}

(m^−_q ) ] + O(a^2) . (D.13)

At this point, recalling the expressions (D.7) of m^+_q and (D.12) of m^−_q , we can put the r.h.s. of the previous equation in the form

ζ^O_O (r) [ ⟨O⟩ | |^{cont}_{(m+q )} + ⟨O⟩ | |^{cont}_{(m−q )} ] + O(a^2) =

= ζ^O_O (r) [ ⟨O⟩ | |^{cont}_{(M +0 −Mcr(r))} + ⟨O⟩ | |^{cont}_{(M +0 −Mcr(r)−2δe (r))} ] + O(a^2) . (D.14)

In this expression the two continuum correlators are evaluated at “slightly” different values of the excess quark mass, namely M^+_0 − M_{cr}(r) and M^+_0 − M_{cr}(r) − 2δ^e(r). Neglecting O(a^2) terms, they can be immediately brought to the common value of the mass parameter

m_q = M^+_0 − M_{cr}(r) − δ^e(r) = M^+_0 − M^e_{cr}(r) = M^{′−}_0 − M^e_{cr}(−r) (D.15)

by a simple Taylor expansion of the continuum correlators in powers of δ^e(r). The terms with the mass derivative of continuum correlators cancel out and one gets 1 2 [ ⟨O⟩ | |_{(r,mq +M ecr(r))} + ⟨O⟩ | |_{(−r,mq −M ecr(r))} ] = ζ^O_O (r)⟨O⟩ | |^{cont}_{(mq )} + O(a^2) , (D.16)

where only well defined, numerically accessible inputs, like M^e_{cr}(r) and the excess quark mass, m_q, appear.

We end by noticing that, had we used the excess quark mass to label lattice correlators (as we did in the text after section 3), the formula (D.16) would have actually read 1 2 [ ⟨O⟩ | |_{(r,mq )} + ⟨O⟩ | |_{(−r,mq )} ] = ζ^O_O (r)⟨O⟩ | |^{cont}_{(mq )} + O(a^2) . (D.17)

The result of this elaborated discussion is that O(a) improved correlators are obtained using the formula (D.17) — which is identical to the W A prescription (3.9) — with m_q given by eq. (D.15).

E. Improvement of the baryonic spectrum

In this appendix we want to give a quick argument to show that the procedure for O(a) improvement proposed in this paper (eq. (3.26) and its tm-LQCD counterpart) works also for the baryonic sector of the hadronic spectrum. For concreteness we will concentrate on the spin 1/2 and 3/2 states that can be formed with an SU(2)_f flavour doublet of quarks.

First of all we note that all baryonic energies can be extracted from spin averaged two-point correlators of the type (3.18) and (5.10), for the untwisted and twisted Wilson

– 51 – formulations, respectively. The (bare) interpolating operators for spin 1/2 and 3/2 baryonic states are of the form [Φ^f_{h,α}](x) = [ϵ_{ijl}ψ^f_{α,i}M^{jl}_h ](x) , (E.1)

where f and α are free flavour and Dirac indices, i, j, l represent (contracted) color indices and M^{jl}_h is a bosonic operator with definite transformation properties under R_5. For instance, for proton (f = 1, ψ^1 ≡ u) or neutron (f = 2, ψ^2 ≡ d) states we can take

M^{jl}_{p,n} = iψ̄^c_j γ_5τ_2 ψ_l (E.2)

with ψ̄^c denoting the charge conjugated of ψ̄. Similarly, the (bare) interpolating operator for the spin 3/2 baryon Δ^{++} is of the form (E.1) with f = 1 and

M^{jl}_{Δ,k} = ψ̄^c_j 1 2 (1 + τ_3)γ_k ψ_l , k = 1, 2, 3 . (E.3)

In all cases the bi-local operator Φ_h(x)Φ^†_h(0) (with all Dirac indices contracted) has definite (positive) R_5-parity. Since this property is preserved also in presence of mixing, we can apply the considerations of section 3.2 (or the analogous ones valid for tm-LQCD) and conclude that also baryonic masses are improved by the usual W A procedure.

Moreover, in the tm-LQCD formulation with action (4.18) the masses of the baryonic states (E.1) are even functions of the twisting angle ω, hence automatically free of O(a) corrections if ω = ±π/2. To prove this result it is sufficient to check that the argument presented in section 5.3.1 for the ω-parity of masses applies to the states under consideration here. This is actually so, because the interpolating operators (E.1) are such that the spin averaged product Φ_h(x)Φ^†_h(0) has obviously a definite positive formal parity (eq. (5.5)) and this property is preserved under renormalization. Incidentally, Φ_h itself could be chosen to have definite formal parity, if one decides to multiply the operator in the r.h.s. of (E.1) by the projectors (1 ± γ_0)/2.

F. Proof of eq. (5.18)

A detailed proof of eq. (5.18) requires repeating in the case of tm-LQCD the line of arguments that in a parity invariant theory leads from the way P acts on the elementary fields entering the lagrangian density (see eq. (5.4)) to the notion of parity for the eigenstates of the hamiltonian. Observing that in the case at hand (action (4.18)) the spurionic symmetry P^{sp} ≡ P × (ω → −ω) ((P^{sp})^2 = 1) replaces P, one can proceed as follows.

1. To composite bare operators formal parity labels are attributed according to the naive prescription induced by the field transformation (5.4).

2. A basis of m.r. operators can always be constructed, consisting of operators endowed with a definite parity label. In fact, to comply with the symmetry P^{sp} the mixing pattern will have to be such that (bare) operators with opposite formal parity get mixed with coefficients whose relative ω-parity is negative. This procedure is equivalent to assign a parity label via eq. (5.5). If one wishes to employ this method, one should

– 52 – start by assigning parity to local operators (e.g. quark bilinears) or simple products of local operators with non-zero (for suitable choices of the space-time arguments) vacuum expectation value and then move on to progressively more complicated cases. The situation here is exactly analogous to what happens with the spurionic symmetry R^{sp}_5 , where eq. (3.2) is exploited to attribute a definite γ_5-chirality, P_{R5} [O], actually the naive one, to any (gauge invariant) m.r. composite operator, O.

3. For the vacuum state we have in general ^P|Ω⟩ | |^{(ω)}_{(r,mq )} = ηΩ(ω)|Ω⟩ | |^{(−ω)}_{(r,mq )} , (F.1)

with η_Ω(ω)η_Ω(−ω) = 1 (from ^P^2 = 1 [55]) and |η_Ω(ω)|^2 = 1 (from the vacuum normalization condition). In view of these results one can always decide to simply take the phase of the vacuum state such that η_Ω(ω) = 1 for any value of ω. If one does not want to do so, one will have to keep track of the vacuum phase in all the forthcoming formulae.

4. A basis for the states of the Fock space is constructed by applying creation operators to the vacuum (cyclic vector). The elements of the basis are highly non-trivial and schematically can be written in the form |h, k; α⟩^{(ω)}_{(r,mq )} = a^†_{hα}(k)|Ω⟩ | |^{(ω)} (r,m_q ) , (F.2)

where, according to 1) and 2), the creation operators a^†_{hα}(k) (α is an index which labels the states with the same unbroken quantum numbers h and three-momenta k) will satisfy the relation ^Pa^†_{hα}(k) ^P = η_{hα}a^†_{hα}(−k) . (F.3) where η_{hα} (= ±1) is by construction an ω- and k-independent label.

5. The eigenstates of the transfer matrix ^T (ω, r, m_q ) (see eq. (5.13)) will be expressed as linear combinations of the states (F.2) of the kind |h, n, k⟩ | |^{(ω)} (r,m_q ) = ∑ α c_{nα}(ω, r, m_q)|h, k; α⟩^{(ω)}_{(r,mq )} = ∑ α c_{nα}(ω, r, m_q )a^†_{hα}(k)|Ω⟩ | |^{(ω)} (r,m_q ) , (F.4) with appropriate coefficients, c_{nα}(ω, r, m_q ), to ensure normalizability of the state and consistency with the spurionic invariance P^{sp}.

In particular, consistency with the spurionic symmetry P^{sp} implies the operator relation ^P [ |h, n, k⟩⟨h, n, k| ]_{(ω)} (r,m_q ) ^P = [ |h, n, −k⟩⟨h, n, −k| ]_{(−ω)} (r,m_q ) , (F.5)

which is proved below in subsection F.1. This relation can only hold if the coefficients c_{nα}(ω, r, m_q ) have (up to an irrelevant α-independent phase, which we set equal to

– 53 – unity^{25}) a definite parity, s_{nα} = ±1, under ω → −ω, i.e. only if they satisfy the relation c_{nα}(ω, r, m_q) = s_{nα}c_{nα}(−ω, r, m_q) (F.6) with η_{h,n} ≡ η_{hα}s_{nα} (F.7) an α-independent label.

6. For the states (F.4) the relation ^P|h, n, k⟩^{(ω)}_{(r,mq )} = η_{h,n}|h, n, −k⟩^{(−ω)}_{(r,mq )} , (F.8) is immediately seen to be a consequence of eqs. (F.3), (F.6) and (F.7). By construction (see eq. (F.7)) η_{h,n} can only take the values ±1. The relation (F.8) is nothing but eq. (5.18) of section 5.3.2.

Whether the parity label η_{h,n} is 1 or −1 can be decided numerically by the method discussed in section 5.3.3. The resulting value of η_{h,n} — at least for values of the bare parameters for which quantities of O(a^2) and O(a^0) can be unambiguously distinguished — is to be identified with the parity quantum number of the state corresponding to |h, n, k⟩_{(r,mq )} in the continuum limit. By construction η_{h,n} is independent of the three-momentum of the state, but does depend on the excitation level n because P is not an exact symmetry of tm-LQCD. There may exist, in fact, states with opposite parities but the same unbroken tm-LQCD quantum numbers. For instance in the vacuum sector one encounters the vacuum itself (with η_Ω = 1), the neutral pion (with η_π0 = −1), etc.

We observe in conclusion that one could decide to separately alter the phases of the states |h, n, k⟩^{(ω)}_{(r,mq )} and |h, n, −k⟩^{(−ω)}_{(r,mq )} with respect to what one gets from the above construction. If one does so, then track of this modification should be kept in all the relevant equations, in particular in eq. (F.8). The only consequence of this choice is that all lattice formulae relating quantities with opposite values of ω, or with values of ω differing by π, become unnaturally and unnecessarily cumbersome.

F.1 Proving eq. (F.5)

Let us finally come to the proof of eq. (F.5). For this purpose it is convenient to consider the general two-point correlator

G_{ΦhΞh} (k, t; ω, r, m_q ) = a^3 ∑ x e^{ik·x}⟨Φ_h(x, t) Ξ^†_h(0, 0)⟩ | |^{(ω)}_{(r,mq )} , (F.9)

where Φ_h and Ξ_h are two arbitrary local operators with formal parities η_{Φh} and η_{Ξh} and equal unnbroken quantum numbers h. Performing the change of variables induced by (5.4), one obtains G_{ΦhΞh} (k, t; ω, r, m_q ) = η_{Φh} η_{Ξh} G_{ΦhΞh} (−k, t; −ω, r, m_q) . (F.10)

25This phase can always be readsorbed in a physically unconsequential redefinition of the overall phase of the state |h, n, k⟩|^{(ω)}_{(r,mq )}. See also the comment at the end of this section.

– 54 –

By comparing the spectral representations of the two sides of eq. (F.10) and using eq. (5.15), we can get the set of relations ⟨Ω|Φ_h(0, 0)|h, n, k⟩⟨h, n, k|Ξ^†_h (0, 0)|Ω⟩ | |^{(ω)} (r,m_q ) = = η_{Φh} η_{Ξh} ⟨Ω|Φ_h(0, 0)|h, n, −k⟩⟨h, n, −k|Ξ^†_h (0, 0)|Ω⟩ | |^{(−ω)}_{(r,mq )} , (F.11)

thanks to the leverage we have from the dependence of G_{ΦhΞh} on t. Inserting factors ^P2 = 1 on the l.h.s. of eq. (F.11) yields ⟨Ω| ^P Φ_h(0, 0) ^P|h, n, k⟩⟨h, n, k| ^P Ξ^†_h(0, 0) ^P|Ω⟩ | |^{(ω)} (r,m_q ) = = ⟨Ω|Φ_h(0, 0)|h, n, −k⟩⟨h, n, −k|Ξ^†_h (0, 0)|Ω⟩ | |^{(−ω)}_{(r,mq )} . (F.12)

If we now combine eq. (F.1) with eq. (F.12) and exploit the arbitrariness of the operators Φ_h and Ξ_h, we arrive at the relation (F.5).

References

[1] K.G. Wilson, Confinement of quarks, Phys. Rev. D 10 (1974) 2445; and in New phenomena in subnuclear physics, A. Zichichi ed.,

[2] L.H. Karsten and J. Smit, Lattice fermions: species doubling, chiral invariance and the triangle anomaly, Nucl. Phys. B 183 (1981) 103.

[3] R. Groot, J. Hoek and J. Smit, Normalization of currents in lattice QCD, Nucl. Phys. B 237 (1984) 111.

[4] M. Bochicchio, L. Maiani, G. Martinelli, G.C. Rossi and M. Testa, Chiral symmetry on the lattice with Wilson fermions, Nucl. Phys. B 262 (1985) 331.

[5] K. Symanzik, New developments in gauge theories, G. ‘t Hooft et al. eds., Plenum, New York, 1980, p. 313; Some topics in quantum field theory in Mathematical problems in theoretical physics, R. Schrader et al. eds., Lectures Notes in Physics, vol. 153, Springer, New York, 1982; Continuum limit and improved action in lattice theories, 1. Principles and ϕ^4 theory, Nucl. Phys. B 226 (1983) 187; Continuum limit and improved action in lattice theories, 2. O(n) nonlinear sigma model in perturbation theory, Nucl. Phys. B 226 (1983) 205.

[6] B. Sheikholeslami and R. Wohlert, Improved continuum limit lattice action for QCD with wilson fermions, Nucl. Phys. B 259 (1985) 572.

[7] G. Heatlie, G. Martinelli, C. Pittori, G.C. Rossi and C.T. Sachrajda, The improvement of hadronic matrix elements in lattice QCD, Nucl. Phys. B 352 (1991) 266.

[8] M. Lüscher, S. Sint, R. Sommer and P. Weisz, Chiral symmetry and O(a) improvement in lattice QCD, Nucl. Phys. B 478 (1996) 365 [hep-lat/9605038].

[9] M. Lüscher, S. Sint, R. Sommer, P. Weisz and U. Wolff, Non-perturbative O(a) improvement of lattice QCD, Nucl. Phys. B 491 (1997) 323 [hep-lat/9609035].

[10] G. Martinelli et al., Non-perturbative improvement of composite operators with Wilson fermions, Phys. Lett. B 411 (1997) 141 [hep-lat/9705018]; Non-perturbative improvement of lattice QCD at large momenta, Nucl. Phys. B 611 (2001) 311 [hep-lat/0106003].

– 55 –

[11] P.H. Ginsparg and K.G. Wilson, A remnant of chiral symmetry on the lattice, Phys. Rev. D 25 (1982) 2649.

[12] R. Narayanan and H. Neuberger, A construction of lattice chiral gauge theories, Nucl. Phys.

B 443 (1995) 305 [hep-th/9411108];

P. Hasenfratz, Prospects for perfect actions, Nucl. Phys. 63 (Proc. Suppl.) (1998) 53 [hep-lat/9709110]; Lattice QCD without tuning, mixing and current renormalization, Nucl. Phys. B 525 (1998) 401 [hep-lat/9802007];

H. Neuberger, Exactly massless quarks on the lattice, Phys. Lett. B 417 (1998) 141 [hep-lat/9707022]; More about exactly massless quarks on the lattice, Phys. Lett. B 427 (1998) 353 [hep-lat/9801031]; Vector like gauge theories with almost massless fermions on the lattice, Phys. Rev. D 57 (1998) 5417 [hep-lat/9710089];

M. Lüscher, Exact chiral symmetry on the lattice and the Ginsparg-Wilson relation, Phys. Lett. B 428 (1998) 342 [hep-lat/9802011];

P. Hernández, K. Jansen and M. Lüscher, Locality properties of Neuberger’s lattice Dirac operator, Nucl. Phys. B 552 (1999) 363 [hep-lat/9808010].

[13] D.B. Kaplan, A method for simulating chiral fermions on the lattice, Phys. Lett. B 288 (1992) 342 [hep-lat/9206013];

Y. Shamir, Chiral fermions from lattice boundaries, Nucl. Phys. B 406 (1993) 90 [hep-lat/9303005];

V. Furman and Y. Shamir, Axial symmetries in lattice QCD with Kaplan fermions, Nucl. Phys. B 439 (1995) 54 [hep-lat/9405004].

[14] P. Hasenfratz, V. Laliena and F. Niedermayer, The index theorem in QCD with a finite cut-off, Phys. Lett. B 427 (1998) 125 [hep-lat/9801021].

[15] M. Baake, B. Gemünden and R. Odingen, Structure and representations of the symmetry group of the four-dimensional cube, J. Math. Phys. 23 (1982) 944; On the relations between irreducible representations of the hyperoctahedral group and O(4) and SO(4), J. Math. Phys. 24 (1983) 1021;

J.E. Mandula, G. Zweig and J. Govaerts, Representations of the rotation reflection symmetry group of the four-dimensional cubic lattice, Nucl. Phys. B 228 (1983) 91; Covariant lattice glueball fields, Nucl. Phys. B 228 (1983) 109.

[16] P. Hernández, K. Jansen and L. Lellouch, Finite-size scaling of the quark condensate in quenched lattice QCD, Phys. Lett. B 469 (1999) 198 [hep-lat/9907022]; P. Hernández, K. Jansen, L. Lellouch and H. Wittig, Non-perturbative renormalization of the quark condensate in Ginsparg-Wilson regularizations, J. High Energy Phys. 07 (2001) 018 [hep-lat/0106011]; Scalar condensate and light quark masses from overlap fermions, Nucl. Phys. 106 (Proc. Suppl.) (2002) 766;

L. Giusti, C. Hölbling and C. Rebbi, Light quark masses with overlap fermions in quenched QCD, Phys. Rev. D 64 (2001) 11450; Quenched results for light quark physics with overlap fermions, Nucl. Phys. 106 (Proc. Suppl.) (2002) 739;

S.J. Dong, F.X. Lee, K.F. Liu and J.B. Zhang, Chiral symmetry, quark mass and scaling of the overlap fermions, Phys. Rev. Lett. 85 (2000) 5051 [hep-lat/0006004]; S.J. Dong et al., Chiral properties of pseudoscalar mesons on a quenched 20^4 lattice with overlap fermions, Phys. Rev. D 65 (2002) 054507 [hep-lat/0108020].

[17] P. Hernández, K. Jansen and M. Lüscher, A note on the practical feasibility of domain-wall fermions, hep-lat/0007015;

– 56 –

RBC collaboration, T. Blum et al., Kaon matrix elements and CP-violation from quenched lattice QCD, I. The 3-flavor case, Phys. Rev. D 68 (2003) 114506 [hep-lat/0110075]; Y. Aoki et al., Domain wall fermions with improved gauge actions, Phys. Rev. D 69 (2004) 074504 [hep-lat/0211023];

CP-PACS collaboration, A. Ali Khan et al., Kaon B parameter from quenched domain-wall QCD, Phys. Rev. D 64 (2001) 114506 [hep-lat/0105020];

CP-PACS collaboration, J.I. Noaki et al., Calculation of non-leptonic kaon decay amplitudes from k → π matrix elements in quenched domain-wall QCD, Phys. Rev. D 68 (2003) 014501 [hep-lat/0108013].

[18] P. Hasenfratz, S. Hauswirth, T. Jorg, F. Niedermayer and K. Holland, Testing the fixed-point QCD action and the construction of chiral currents, Nucl. Phys. B 643 (2002) 280 [hep-lat/0205010];

Bern-Graz-Regensburg collaboration, C. Gattringer et al., Quenched QCD with fixed-point and chirally improved fermions, Nucl. Phys. 119 (Proc. Suppl.) (2003) 796 [hep-lat/0209099].

[19] R. Frezzotti, P.A. Grassi, S. Sint and P. Weisz, A local formulation of lattice QCD without unphysical fermion zero modes, Nucl. Phys. 83 (Proc. Suppl.) (2000) 941 [hep-lat/9909003]; Alpha collaboration, R. Frezzotti, P.A. Grassi, S. Sint and P. Weisz, Lattice QCD with a chirally twisted mass term, J. High Energy Phys. 08 (2001) 058 [hep-lat/0101001].

[20] For a recent review, see R. Frezzotti, Wilson fermions with chirally twisted mass, Nucl. Phys.

119 (Proc. Suppl.) (2003) 140 [hep-lat/0210007].

[21] ALPHA collaboration, R. Frezzotti, S. Sint and P. Weisz, O(a) improved twisted mass lattice QCD, J. High Energy Phys. 07 (2001) 048 [hep-lat/0104014];

ALPHA collaboration, M. Della Morte, R. Frezzotti, J. Heitger and S. Sint, Cutoff effects in twisted mass lattice QCD, J. High Energy Phys. 10 (2001) 041 [hep-lat/0108019].

[22] R. Frezzotti and S. Sint, Some remarks on O(a) improved twisted mass QCD, Nucl. Phys.

106 (Proc. Suppl.) (2002) 814 [hep-lat/0110140].

[23] M. Guagnelli, J. Heitger, C. Peña, S. Sint, and A. Vladikas, K^0-K̄^0 mixing from the Schroedinger functional and twisted mass QCD, Nucl. Phys. 106 (Proc. Suppl.) (2002) 320.

[24] C. Peña, S. Sint and A. Vladikas, Twisted mass QCD and the ΔI = 1/2 rule, Nucl. Phys.

119 (Proc. Suppl.) (2003) 368 [hep-lat/0209045]; Twisted mass QCD and lattice approaches to the ΔI = 1/2 rule, hep-lat/0405028.

[25] G. Parisi, S. Petrarca and F. Rapuano, On the convergence of iterative methods to compute the quark propagator in lattice gauge theory, Phys. Lett. B 121 (1983) 264.

[26] W.A. Bardeen, A. Duncan, E. Eichten, G. Hockney and H. Thacker, Light quarks, zero modes and exceptional configurations, Phys. Rev. D 57 (1998) 1633 [hep-lat/9705008]; W.A. Bardeen, A. Duncan, E. Eichten and H. Thacker, Quenched chiral artifacts for Wilson-Dirac fermions, Phys. Rev. D 59 (1999) 014507 [hep-lat/9806002].

[27] G. Schierholz, M. Gockeler, A. Hoferichter, R. Horsley, D. Pleiter, P. Rakow and P. Stephenson, Resolving exceptional configurations in quenched lattice QCD, Nucl. Phys. 73 (Proc. Suppl.) (1999) 889 [hep-lat/9809165].

[28] R. Frezzotti and G.C. Rossi, Twisted-mass lattice QCD with mass non-degenerate quarks, Nucl. Phys. 128 (Proc. Suppl.) (2004) 193 [hep-lat/0311008].

– 57 –

[29] R. Frezzotti and G.C. Rossi, Chirally improving Wilson fermions, II. Four-quark operators,

hep-lat/0407002.

[30] L. Jacobs, Undoubling chirally symmetric lattice fermions, Phys. Rev. Lett. 51 (1983) 172.

[31] S. Aoki, New phase structure for lattice QCD with wilson fermions, Phys. Rev. D 30 (1984) 2653.

[32] F. David and H.W. Hamber, Chiral condensate with Wilson fermions, Nucl. Phys. B 248 (1984) 381.

[33] S.R. Sharpe and J. Singleton, Robert, Spontaneous flavor and parity breaking with Wilson fermions, Phys. Rev. D 58 (1998) 074501 [hep-lat/9804028].

[34] K. Osterwalder and R. Schrader, Axioms for euclidean Green’s functions, Commun. Math.

Phys. 31 (1973) 83;

Axioms for euclidean green’s functions, 2, Commun. Math. Phys. 42 (1975) 281.

[35] K. Osterwalder and E. Seiler, Gauge field theories on the lattice, Ann. Phys. (NY) 110 (1978) 440.

[36] G. Immirzi and K. Yoshida, Generalized lattice fermion actions and applications, Nucl. Phys.

B 210 (1982) 499.

[37] I. Montvay and G. Münster, Quantum fields on a lattice, Cambridge University Press, Cambridge, 1984.

[38] P. Menotti and A. Pelissetto, General proof of Osterwalder-Schrader positivity for the wilson action, Commun. Math. Phys. 113 (1987) 369; and SNS-15/87 preprint, Proc. of the Symposium on Field theory on the lattice, Seillac, France, 1987.

[39] L. Maiani, G. Martinelli, M.L. Paciello and B. Taglienti, Scalar densities and baryon mass differences in lattice QCD with wilson fermions, Nucl. Phys. B 293 (1987) 420.

[40] T. Bhattacharya, R. Gupta, W.-J. Lee, S.R. Sharpe, Non-perturbative improvement of bilinears in unquenched QCD, Nucl. Phys. 83 (Proc. Suppl.) (2000) 902 [hep-lat/9909092].

[41] S. Aoki and A. Gocksch, Spontaneous breaking of parity in quenched lattice QCD with Wilson fermions, Phys. Lett. B 231 (1989) 449.

[42] W. Kerler, Concept and properties of lattice gauge theory, Phys. Rev. D 24 (1981) 1595.

[43] E. Seiler and I.O. Stamatescu, Lattice fermions and theta vacua, Phys. Rev. D 25 (1982) 2177.

[44] XLF collaboration, K. Jansen, A. Shindler, C. Urbach and I. Wetzorke, Scaling test for Wilson twisted mass QCD, Phys. Lett. B 586 (2004) 432 [hep-lat/0312013].

[45] G. Munster and C. Schmidt, Chiral perturbation theory for lattice QCD with a twisted mass term, Europhys. Lett. 66 (2004) 652–656 [hep-lat/0311032];

For extension to the partially quenched case, see: G. Munster, C. Schmidt and E.E. Scholz, Chiral perturbation theory for partially quenched twisted mass lattice QCD, hep-lat/0402003.

[46] M. Della Morte, R. Frezzotti and J. Heitger, in preparation.

[47] K.M. Bitar, Absence of parity-flavor breaking phase in QCD with two flavors of Wilson fermions for beta greater than or equal to 5.0, Phys. Rev. D 56 (1997) 2736 [hep-lat/9602027]; On the parity-flavor-breaking phase in QCD with two flavors of wilson fermions, Nucl. Phys. 63 (Proc. Suppl.) (1998) 829 [hep-lat/9709086].

– 58 –

[48] M. Della Morte, R. Frezzotti and J. Heitger, Quenched twisted mass QCD at small quark masses and in large volume, Nucl. Phys. 106 (Proc. Suppl.) (2002) 260 [hep-lat/0110166].

[49] UKQCD collaboration, C. McNeile and C. Michael, Hadron spectroscopy of twisted mass lattice QCD at beta = 6.0, Nucl. Phys. 106 (Proc. Suppl.) (2002) 251 [hep-lat/0110108].

[50] CP-PACS and JLQCD collaborations, A. Ukawa Computational cost of full QCD simulations experienced by Cp-Pacs and Jlqcd collaborations, Nucl. Phys. 106 (Proc. Suppl.) (2002) 195;

ALPHA collaboration, R. Frezzotti, M. Hasenbusch, U. Wolff, J. Heitger and K. Jansen, Comparative benchmarks of full QCD algorithms, Comput. Phys. Commun. 136 (2001) 1 [hep-lat/0009027];

UKQCD collaboration, H. Wittig, Cost of dynamical quark simulations: O(a) improved Wilson fermions, Nucl. Phys. 106 (Proc. Suppl.) (2002) 197 [hep-lat/0203021].

[51] M. Lüscher, A new approach to the problem of dynamical quarks in numerical simulations of lattice QCD, Nucl. Phys. B 418 (1994) 637 [hep-lat/9311007].

[52] ALPHA collaboration, J. Rolf and S. Sint, A precise determination of the charm quark’s mass in quenched QCD, J. High Energy Phys. 12 (2002) 007 [hep-ph/0209255]; ALPHA collaboration, A. Jüttner and J. Rolf, A precise determination of the decay constant of the d/s-meson in quenched QCD, Phys. Lett. B 560 (2003) 59 [hep-lat/0302016].

[53] M. Guagnelli, F. Palombi, R. Petronzio and N. Tantalo, F_b and two scales problems in lattice QCD, Phys. Lett. B 546 (2002) 237 [hep-lat/0206023]; f(B) from finite size effects in lattice QCD, Nucl. Phys. 119 (Proc. Suppl.) (2003) 616 [hep-lat/0209113]; G.M. de Divitiis, M. Guagnelli, R. Petronzio, N. Tantalo and F. Palombi, Heavy quark masses in the continuum limit of lattice QCD, Nucl. Phys. B 675 (2003) 309 [hep-lat/0305018]; Heavy-light decay constants in the continuum limit of lattice QCD, Nucl. Phys. B 672 (2003) 372 [hep-lat/0307005].

[54] M. Lüscher, Construction of a selfadjoint, strictly positive transfer matrix for euclidean lattice gauge theories, Commun. Math. Phys. 54 (1977) 283.

[55] S. Weinberg, The quantum theory of fields, foundations, Cambridge University Press, Cambridge 1996, vol. I.

– 59 –